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Lecture 1.  Algebra of complex
Numbers

The symbol i was originally used as a disguise for the embarrassing
symbol vV—1. W e now say that i is the imaginary unit and define it
by the property i2 =-1. Using the imaginary unit, we build a
general complex number out of two real numbers.

A complex number is any number of the form z = a + ib where
a and b are real numbers and i is the imaginary unit. The notations
a + ib and a + bi are used interchangeably. The real number a in
z = a+ ib is called the real part of z; the real number b is called
the imaginary part of z. The real and imaginary parts of a complex

number z are abbreviated Re(z) and Im(z), respectively.

Complex numbers z; = a; + ib; and z, = a, + ib, are equal,

Z1 = 17y, lfal = 4dp al’ldb1 = b2.

Complex numbers can be added, subtracted, multiplied, and divided.

If z, =a, +ib, and z, = a, +ib, , these operations are defined as
follows.
Addition: z +z, =(a, +ib, )+ (a, +ib,) = (a, +a,)+i(b +b,)

Subtraction: z —z, =(a, +ib,)—(a, +ib,)=(a, —a,)+i(b —b,)



Multiplication:
z0_ O o ]az—blb2)+i(a2b]+alb2)
Division:

2 /2, =(a,+ib)/ (a, +ib,) =[ (aa, + b, ) +i(ab —ab,) |/ (*, +b7)

The familiar commutative, associative, and distributive laws hold
for complex numbers:

Commutative laws: {Zl tz, =z, +z

2,2, =2,2,
7+ (2, +7,) = (3 +2,) +z

Associative laws:
Z (2223 ) = (zlz2 ) A

Distributive law: z (z, +z,) =zz, +zz,
Addition, Subtraction, and Multiplication
(1) To add (subtract ) two complex numbers, simply add (subtract )
the corresponding real and imaginary parts.
(i) To multiply two complex numbers, use the distributive law and

the fact that i =-1.

The zero in the complex number system is the number 0 + 0i and
the unity is 1 + 0i. The zero and unity are denoted by 0 and 1,
respectively. The zero is the additive identity in the complex
number system since, for any complex number z = a + ib, we
have z + 0 = z. To see this, we use the definition of addition:
z+0=(@+1ib) + 0+ 0i) =a+0+i(b+0) =a+

ib = z.



Similarly, the unity is the multiplicative identity of the system
since, for any complex number z, we have z 1 =z * (1 +

0i) = z.

If z is a complex number, the number obtained by changing the sign

of its imaginary part is called the complex conjugate, or simply

conjugate, of z and is denoted by the symbol z.In other words, if

z = a+ ib,then its conjugate isZ = a — ib.

From the definitions of addition and subtraction of complex
numbers, it is readily shown that the conjugate of a sum and
difference of two complex numbers is the sum and difference of the

conjugates:

z; +ZZ = Z + Z,, 2y Z, = Z;—Z,.

Moreover, we have the following three additional properties:

2,2z, = 2, z,, 2,/ 2, = 2, /2,,

Of course, the conjugate of any finite sum (product) of complex

numbers is the sum (product) of the conjugates.

The definitions of addition and multiplication show that the sum and

product of a complex number z with its conjugate z is a real
number:
z+ z= (a+ib) + (a - ib) = 2a

zz= (a+ib)(a — ib) =a’— i’b* =a® +b.



The difference of a complex number z with its conjugate zisa pure

imaginary number:

z —z= (a+ib)—(a — ib) = 2ib

Since a = Re(z) and b = Im(z), these yield two useful formulas:
a4z

Re(z) === and fm(z) ===

However, (4) is the important relationship in this discussion because
it enables us to approach division in a practical manner.

Division

To divide z; by z,, multiply the numerator and denominator of
z,/z, by the conjugate of z,. That is,

21 _ %12y, %1%,
=2 ‘2

Zy Do ‘Zz

and then use the fact that Z,Z, is the sum of the squares of the real

and imaginary parts of z,.

In the complex number system, every number z has a unique
additive inverse. As in the real number system, the additive inverse
of z=a+ ib is its negative, —z, where —z = —a — ib. For any complex
number z, we have z + (—z) = 0. Similarly , every nonzero complex
number z has a multiplicative inverse. In symbols, for z # 0 there
exists one and only one nonzero complex number z~! such that

zz' = 1.The multiplicative inverse z lis the same as the

reciprocal 1/z.
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Comparison with Real Analysis

(1) Many of the properties of the real number system R hold in the
complex number system C, but there are some truly remarkable
differences as well. For example, the concept of order in the real
number system does not carry over to the complex number system.
In other words, we cannot compare two complex numbers z; =
a; + ib;,by # 0, and z, = a, + ib,,b, # 0, by means of
inequalities. Statements such as z; < z, or z, = z; have no
meaning in C except in the special case when the two numbers z;
and z, are real. Therefore, if you see a statement such as z; = az,,
o > 0, it is implicit from the use of the inequality a > 0 that the
symbol a represents a real number.

(i) Some things that we take for granted as impossible in real
analysis, such as e = —2 and sinx = 5 when x is a real variable,
are perfectly correct and ordinary in complex analysis when the

symbol x is interpreted as a complex variable.

By using the definitions of addition, multiplication and distributive
laws, one can easily prove that the set of complex number is a

field.
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Assignment:

1.

What can be said about the complex number z if z = Z? If
z2 = (2)%?
Assume that vV1+1i make sense. How would you

demonstrate the validity of the equality v1+i=

1 1 . 1 1
\/5+5\/§+1\/—5+5\/7 ?

Suppose z; and z, are complex numbers. What can be
said about z, or z, if z,z, = 0?

Suppose the product z;z, of two complex numbers is a
nonzero real constant. Show that z, = kz;, where k is a
real number.

Without doing any significant work, explain why it

follows immediately that z,z, + z,z, = 2Re(z,Z,).
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Lecture 2.  Geometry of complex

numbers (Rectangular form)
A complex number z = x + iy is uniquely determined by an

ordered pair of real numbers (x,y).The first and second entries of
the ordered pairs correspond, in turn, with the real and imaginary

parts of the complex number.

The coordinate plane is called the complex plane or simply the z -
plane. The horizontal or x-axis is called the real axis because each
point on that axis represents a real number. The vertical or y-axis is
called the imaginary axis because a point on that axis represents a

pure imaginary number.

Thus, a complex number z = x + iy can also be viewed as a two
dimensional position vector, that is, a vector whose initial point is

the origin and whose terminal point is the point (%, y).

woaxis
Z = X+1y 2
- ¥
i
1 e 341
X
} n-ais
-4 -2 - -1 1 & 2 4

The modulus of a complex number z = x + iy, is the real number

lz| = x* +y?
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The modulus |z| of a complex number z is also called the absolute
value of z. We shall use both words modulus and absolute value
throughout this text.

The vector interpretation of the sum z; + z, is the vector shown in
Figure as the main diagonal of a parallelogram whose initial point is
the origin and terminal point is (X; + X,,¥; +y).The difference
z, — 2z, can be drawn either starting from the terminal point of z;
and ending at the terminal point of z,, or as a position vector whose

initial point is the origin and terminal point is (X, — X4,¥2 — V1).

Lepy &

Copy £:
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In the case z = z, —z,, it follows from (1) that the distance
between two points z; = x; + iy; and z, = x, + iy, in the
complex plane is the same as the distance between the origin and the
point (X - X, ¥, - y1); that is,  |z| = |z, -z | =

[(x2 = x1) + i(y, - y1)| or

2 2
|z, — 74| =\/(X2‘X1) + (y2-v1) -

Example: Describe the set of points z in the complex plane
that satisfy |z| = |z — i].
We know from geometry that the length of the side of the triangle
corresponding to the vector z; + z, cannot be longer than the sum
of the lengths of the remaining two sides. In symbols we can express
this observation by the inequality

1z1 + 22| < |z1] + |za]-

The result in (6) is known as the triangle inequality. Now from the

identity
zy =29 + 2 + (—2,),
gives
1z = |z1 + 2, + (=22)| < |21 + 25| + [—2z2].
Since |z,| = | — z,|, solving the last result for |z; + z,| yields

another important inequality:
|21 + 22| = |z1] = |22l
But because z; + z, = z, + z;, can be written in the alternative

form
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|zy + 25| = |22 + 24| = |22] — |2z1] = —(|z1] — |22]) and so
combined with the last result implies
|zy + 23| = |z1] — |2z,]
It also follows from (6) by replacing z_2 by —z, that
1zy + (=2l < |za] +[(=22)| = |za] + |22].
This result is the same as
|2y — 22| < |zq] + [22].
From (8) with z, replaced by —z, , we also find

1zy — Zp| = |lz1] — |22]l.

Assignments

L. How would you describe geometrically the relationship
between a nonzero complex number z = a + ib and its

(a) negative, —z?

(b) inverse, z~1?
2. Under what circumstances does |z, + z,| = |z4] +
|z2|?
3. Consider the complex numbers z; = 4+1i,z, = =2 +
i,z3 = —2—2i,z, = 3—5i.
(a) Use four different sketches to plot the four pairs of points z,,
iZ1; Z,,1Zy; Z3,123; and z4, 1z,
(b) In general, how would you describe geometrically the effect of

multiplying a complex number z = x + iy by i? By —i?
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Lecture3.  Geometry of complex
numbers

A point P in the plane whose rectangular coordinates are (X,y) can
also be described in terms of polar coordinates. The polar
coordinate system, invented by Isaac Newton, consists of point O
called the pole and the horizontal half-line emanating from the pole
called the polar axis. If r is a directed distance from the pole to P
and 0 is an angle of inclination (in radians) measured from the
polar axis to the line OP, then the point can be described by the
ordered pair (T, 8), called the polar coordinates of P.

Fow (NpY) = Wy o= (M) = WeEy
£ & ricos &, 0 B £ & ritns &, 5n 5

0,y - L] -

Then x,y,r and 0 are related by X = rcos 6,y = rsin 0.These
equations enable us to express a nonzero complex number z =
X + iyasz = (rcos0) + i(rsin0) or z = r(cosB +
isin@). We say that (1) is the polar form or polar

representation of the complex number z.

In other words, we shall adopt the convention that r is never

negative so that we can take r to be the modulus of z, that is, r =
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|z]. The angle 0 of inclination of the vector z, which will always be
measured in radians from the positive real axis, is positive when

measured counterclockwise and negative when measured clockwise.

The angle 0 is called an argument of z and is denoted by 8 =

arg(z). An argument 0 of a complex number must satisfy the
equations cos 0 =§ and sin 6 =%. An argument of a complex

number z is not unique since cos 0 and sin 6 are 2m —periodic; in
other words, if 8, is an argument of z, then necessarily the angles
By + 2m, 0y + 4m,... are also arguments of z. In practice we use

tan® = i to find 6. The symbol arg(z) actually represents a set of

values, but the argument 6 of a complex number that lies in the
interval —mt < 6 < m is called the principal value of arg(z) or
the principal argument of z. The principal argument of z is unique
and is represented by the symbol Arg(z), that is,

—n < Arg(z) < m.

The polar form of a complex number is especially convenient when

multiplying or dividing two complex numbers.

Suppose z; = ry(cos6; + isin6,) and 2z, = r,(cosB, +
isin®,), where 0; and 0, are any arguments of z; and z,,
respectively. Then z;z, = ryr, [cos 6, cos 6, — sin6; sin B, +
i(sin 8, cos B, + cos 6, sin 0,)] (4)

and, for z, # 0,
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Z1/75 = r1;r;[c0s 01 cos B, + sin6; sinB, +

i(sin B; cos B, — cos B, sin B,)]. (5)
b
Fa=F1 By

23

-1 1 b4
From the addition formulas for the cosine and sine, it can be
rewritten as z,Z, = rqyr, [cos (B; + 6,) + isin (6, + 6,)] (6)
and z,/z, = ry/ry[cos (6; — 6,) + isin(6; — 6,)].

¥

Inspection of the expressions and Figure shows that the lengths of
the two vectors z,z, and z,/z, are the product of the lengths of
z, and z, and the quotient of the lengths of z; and z, , respectively.
Moreover, the arguments of z;z, and z;/z, are given by
arg(z 2,) = arg(z) + arg(z)and arg(z 2,) = arg(z) —
arg(zy).
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We can find integer powers of a complex number z from the results.
For example, if z = r(cos® + isin®), then with z, = z, = gz,
(6) gives

z> = r?[cos (0 + 0) + isin(0 + 0)] = r?(cos26 +
isin20). Since z3 = z%z, it then follows that z3 =
r3 (cos30 + isin30) , and so on. In addition, if we take
arg(1l) = 0, then (7) gives

Ziz = z72 = r ?[cos(—20) + isin(—20)].

Continuing in this manner, we obtain a formula for the nth power of
z for any integer n:

z" = r® (cosnB + isinnb). (9)

When n = 0, we get the familiar result z° = 1. When z = cos 0 +i
sin 6, we have |z| =r =1, and so (9) yields

(cos© + isinB)" = cosnb + isinnd. (10)

This last result is known as de Moivre’s formula and is useful in
deriving certain trigonometric identities involving cosn® and

sin nO.

When z = cos® +isin6, we have [z]| = r = 1, and so (9)
yields

(cos® + isin®)" = cosnb + isinnb. (10)

This last result is known as de Moivre’s formula and is useful in
deriving certain trigonometric identities involving cosn® and

sin no.



20

Suppose z = r(cos® + isinB) and w = p(cos ¢ + isin @) are
polar forms of the complex numbers z and w. Then, the equation
w" = z becomes

p"(cosng + isinng) = r(cos® + isin0). (1)

From (1), we can conclude that p" = r (2) and cosng +
isinng = cos® + isinB.(3)

From (2), we define p = Vr to be the unique positive nth root of
the positive real number r. From (3), the definition of equality of
two complex numbers implies that

cosng@ = cos 0 and sinng = sin 6.

These equalities, in turn, indicate that the arguments 0 and ¢ are
related by np = 6 + 2km, where k is an integer. Thus,

_ 0 + 2km

¢ n

As k takes on the successive integer values k = 0,1,2,...,n—1
we obtain n distinct nth roots of z; these roots have the same
modulus ¥/ but different arguments. Notice that for k > n we
obtain the same roots because the sine and cosine are 2n-periodic.
To see why this is so, suppose kK = n + m, where m =
0,1,2,....Then

0 +2(n + m)mT 6 +2mmn
= . =———+2

) T

0 +2mm 0 +2mm

and sin ¢ = sin( ).

~ ), cos @ = cos( -
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We summarize this result. The n nth roots of a nonzero complex
number
z = r(cos 0 + isin 0) are given by

Wi = n\/r(cos(e”%) + isin(e ramm

), (4)

n

wherek = 0,1,2,...,n — 1.

Assignment

1. Find the three cube roots of z = 1.

2. Find the four fourth roots of z = 1 + .

3. A real number can have a complex nth root. Can a non
real complex number have a real nth root?

4. Suppose w is located in the first quadrant and is a cube
root of a complex number z. Can there exist a second
cube root of z located in the first quadrant? Defend your
answer with sound mathematics.

5. Use the fact that 8i = (2 + 2i)? to find all solutions of
the equation z> — 8z + 16 = 8i.

6. The n distinct nth roots of unity are the solutions of the

equation w" = 1.

Lecture 4. Functions of complex
variables

A complex-valued function f(z) of the complex variable z is a rule

that assigns to each complex number z in a set D one and only one
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complex number w. We write w = f(z) and call wthe image

of zunder w = f(z). The set I is called the domain of f(z), and the
set of all images {w = f(z):z € D} is called the range of f(z). When
the context is obvious, we omit the phrase "complex-valued," and
simply refer to a complex function f(z) . We can define the domain

to be any set that makes sense for a given rule, so for
g

w= £ (2] = 2° we could have the entire complex plane for the

domain ', or we might artificially restrict the domain to some set

suchas D' = Da(0) = {z: | 2] <1} Determining the range for
a function defined by a formula is not always easy, but we will see

plenty of examples later on.
Cartesian Coordinate Form

Just as z can be expressed by its real and imaginary parts
=x+1y , we write w = f(z) = u + iv, where u and v are the
real and imaginary parts of w, respectively. Doing so gives us the

representation w = f(z) = f(x,y) = u + iv.

Because u and v depend on x and y, they can be considered to be

real-valued functions of the real variables x and y; that is, u =

u(x,y),v =v(xy).

Combining these ideas, we often write a complex function f(z), in

the formw = f(2) = f(x,y) = f(x + iy) = u(x,y) + iv(x,y).
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Polar Coordinate Form

Using the z = rel®, that was developed, in the expression of a
complex function f(z) may be convenient. It gives us the polar

coordinate representation

f(2) = f(re®®) = u(r,0) +iv(r,0),

where u(r, 0) and v(r, 0) are real functions of the real variables r

and 6.

Remark. For a given function f(z), the functions u(r, 8) and v(r, 8)
defined above are different from those defined previously in
Equation f(2) = f(x,y) = f(x +iy) = u(x,y) +iv(x,y),

because Equation involves Cartesian  coordinates and

equation involves polar coordinates.

We now look at the geometric interpretation of a complex function.

If I' is the domain of real-valued functions and u(x,y) and v(x,y),
then the system of equations u(x,y)and v(Xx,y), describes a
transformation (or mapping) from D in the xy-plane into the uv-

plane, also called the w-plane. Therefore, we consider the function

w=f(2)=fy)=fx+iy)=ulxy)+vxy).,
to be a transformation (or mapping) from the set D in the z-plane
onto the range R in the w-plane. In the following paragraphs we

present some additional key ideas (in blue). If A is a subset of the
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domain D of w = f(z), then the set B={w = f(2):z€ A} is
called the image of the set A, and w = f(z) is said to map A onto B.
The image of a single point is a single point, and the image of the
entire domain, D, is the range, R. The mapping w = f(z) is said to
be from A into S if the image of A is contained in S.
Mathematicians use the notation f:A — S to indicate that a

function maps A into S.

Definition. (One-To-One Function) A function w = f(2z) is said to

be one-to-one if it maps distinct points z; # z, onto distinct points

f(z,) # f(zy).

Definition. (Inverse Function) Given the function w = f(z),
an inverse function z = g(w) will satisfy the following equations,

g(f(z)) =z forallz € A, and f(g(w)) = wforallz € B.

Furthermore, if w = f(z) and z = g(w) are functions that map A
into B and B into A, respectively. We usually indicate the inverse
of w = f(z) by the notation z = f~1(w). If the domains of f(z)

and f~1(w) are A and B respectively.

Visualizing the Image of a Set

We now show how to find the image B of a specified set A under a

given mapping
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u+iv=w= f(x+iy)=f(2),
from the z-plane into the w-plane. The set A is usually described

with an equation or inequality involving the variables x and y.

Start with w = f(z) and solve for z; and get

z=f"(w)
x+iy=f(u+iv)
x+iy =d(u,v)+ipu,v)

Then  identify the real and  imaginary  functions
x=¢(u,v),y=@(u,v). Then use these formulas can be used as
substitutions in given formulas that describe set A, in the z-plane.
Don't worry about using the notation x=¢@(u,v),y =@(u,v), just

jump right in and solve the equations at hand.

Example. Show that the function T (2)= LZ maps the line

¥ = ¥+1 jnthe ¥¥-plane onto the line ¥ = -“-1 inthe WV

-plane.

Therefore, the image of &=106¥ 1 ¥=x+1}  ynder

w=f£(2]= 1z,istheset B={luwvl:w=-u-1}

Method 2. We write “+ Iv=wW=F£(Z2) =L (X +1¥)=-7F+1Lx

and note that the transformation can be given by the system of
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equations w=-¥ ad ¥=X_ Because & is described by
A={x+1¥: ¥=%+1} e can substitute “=-¥ and ¥=x
into the equation ¥ =¥+1 to obtain -%=¥+1 which we can

rewrite as ¥ = ~% - 1 If you use this method, be sure to pay careful

attention to domains and ranges.

Example. Show that the image of the open disk

Dp(-l-2) ={z: |z+led| =1} 4 the linear

transformation ¥ = L (2} = (3-41L1Z + 6+21 g the open
disk
De(l-31) = {w: |w+l-31| « 5
w—6-21

Solution. The inverse transformation is = o 50 if the range

of ¥=L (2] is E  then

w = f£(z1EE

= fl(wm = zeDyr-l-1)
v-6-21i _ (-1
— R e————_ -1-1
341 .
woB-2i _
= —_—tl+i| =1

3-41i
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wog-2i
TR acai <1 3-44

=
J-41

= |w-6-2i+(l+1i)(3-41i)] <= &

= |w+l-31i] = 5

Hence the disk with center ~1™% and radius 1 is mapped one-to-
one and onto the disk with center ~1t¥T and radius 2 , as shown

in Figure.

Example. Show that the image of the right half

the linear transformation

plane F& (2] = x = 1 ypder
wo=£(2) = (-l+2)2 - 2+32 i35 the half plane

Vo= u+ 7



Solution. The inverse transformation is given by

Wa42-31  U+Z+1 (V-3
T TTren 1+1
-+W-5
Substituting s = into Be (21 =X =1 gjyes
-u+v-5
2 - , which simplifies as ¥ &1+ 7

\

'
AR T
)(\ 2

,'/\\/

BV

/r""'/

“ )-
: » J

N

09K

Assignment:

28
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Lecture S. Limit of complex
functions, continuity and
differentiability

Suppose z, = x, + iy,. Since

|z — zo] Z\/(X - X0)? + (y — yo)?

is the distance between the points z = x + iy and z, = xo + iy,

the points z = x + iy that satisfy the equation
|z =zl = pp >0,

The points z that satisfy the inequality |z — zy| < p can be either
on the circle |z — zy| = p or within the circle. We say that the set
of points defined by |z — z,| < p is a disk of radius p centered at
z,.But the points z that satisfy the strict inequality |z — z,| < p lie
within, and not on, a circle of radius p centered at the point z,.This
set is called a neighborhood of z,. Occasionally, we will need to
use a neighborhood of z, that also excludes z,. Such a neighborhood
is defined by the simultaneous inequality 0 < |z — z,| < p and is

called a deleted neighborhood of z,.

A point z, is said to be an interior point of a set S of the complex
plane if there exists some neighborhood of z, that lies entirely
within S. If every point z of a set S is an interior point, then S is said
to be an open set. The set S1 of points satisfying the inequality
p1 < |z — zy| lie exterior to the circle of radius p; centered at z,,

whereas the set S2 of points satisfying |z — z,| < p, lie interior to
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the circle of radius p, centered at zy. Thus, if 0 < p; < p,, the set
of points satisfying the simultaneous inequality

p1 < |z — 20| < p2, (2)

is the intersection of the sets S1 and S2.This intersection is an open
circular ring centered at z,.Figure illustrates such a ring centered at
the origin. The set defined by (2) is called an open circular

annulus.

If any pair of points z1 and z2 in a set S can be connected by a
polygonal line that consists of a finite number of line segments
joined end to end that lies entirely in the set, then the set S is said to
be connected. An open connected set is called a domain.

A region is a set of points in the complex plane with all, some, or
none of its boundary points. Since an open set does not contain any
boundary points, it is automatically a region. A region that contains
all its boundary points is said to be closed. The disk defined by |z —
Zo| < p is an example of a closed region and is referred to as a
closed disk. A neighborhood of a point z, defined by |z — 74| <
p is an open set or an open region and is said to be an open disk.If
the center z, is deleted from either a closed disk or an open disk, the
regions defined by 0 < |z — zy| < por0 < |z — z5| < p

are called punctured disks. A punctured open disk is the same as a
deleted neighborhood of z,.A region can be neither open nor closed.
Definition: Limit of a Complex Function

Suppose that a complex function f is defined in a deleted

neighborhood of z, and suppose that L is a complex number. The
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limit of f as z tends to z, exists and is equal to L, written as

lim f(z) = L, if for every € > 0 there exists a § > 0 such that

Z-7Zg

|f(z) — L] < & whenever
0 < |z =z < 6.

* -

N

Zy

= u

Criterion for the Nonexistence of a Limit
If f approaches two complex numbers L1 # L2 for two different

curves or paths through z,, then lim f(z) does not exist.
Z-Zg

Suppose that f(z) = u(x,y) + iv(x,¥),zg = x, + iyy, and
L = ug + ivy. Then lim f(z) = L if and only if
Z-Zg

lim(x,y) = (X0, yo)u(x,y) = uoandlim(x,y) = (xo,¥o)V(X,y)
= V,.
Continuity of complex function
The definition of continuity for a complex function is, in essence,
the same as that for a real function. That is, a complex function f is
continuous at a point z, if the limit of f as z approaches z, exists

and is the same as the value of f at z,.
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A complex function f is continuous at a point z if

limz =z, f(2) = f(20)

Criteria for Continuity at a Point

A complex function f is continuous at a point z, if each of the
following three conditions hold:

(1) limz - zf(z) exists,

(i1) fis defined at z,, and

(i) limz - zyf(z) = f(zo).

Suppose that f(z) = u(x,y) + iv(x,y) and z, = Xy + iy,. Then
the complex function f is continuous at the point z, if and only if

both real functions u and v are continuous at the point (X, ¥)-

Example: Show that the polynomial
ST S
Piz) =1-z-2" +2 -2°+Z 5 continuous at the point

Zo = 1 in the complex plane.
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Assignment

1.

(a)ls it true that limz — zyf(z) = limz — z,f(Z) for any
complex function f? If so, then give a brief justification; if
not, then find a counter example.

(b) If f(z) is a continuous function at z0, then is it true that
f(z) is continuous at z,?

If f is a function for which limx — 0f(x + i0) = 0 and
limy - 0f(0 + iy) = 0, then can you conclude that
limz - 0f(z) = 0?7 Explain.
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Lecture 6.  Differentiability and
analyticity of complex function

Using our imagination, we take our lead from elementary
calculus and define the derivative of f(z) at z,, written f'(z,)

by

/ _ i [f(@)—f(z0)
Fao) = Jim {Z5=5 2.
provided that the limit exists. If it does, we say that the

function E (2] is differentiable at z0. If we write Az = z — z0,

then we can EXpress as

’ T f(z+Az)—1(zo)
F(z0) = Aly—lgo{ Az } ’

Example. Use the limit definition to find the derivative of

f(z) = z3.

Example. Show that the function f(z) =

Z is nowhere differentiable.

Definition 3.1 (Analytic Function). The complex function E (Z)
is analytic at the point Z# provided there is some £* U such that

£' (2} exists forall Z&DPe (Zo) | In other words, £ [Z) must be
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differentiable not only at =0, but also at all points in some € -

neighborhood of & .

If £12) is analytic at each point in the region F, then we say
that £ (Z) is an analytic function on F. Again, we have a special

term if £ (2} is analytic on the whole complex plane.

Definition 3.2 (Entire Function). If T (ZJ is analytic on the

whole complex plane then £ (2] is said to be an entire function.

Points of non-analyticity for a function are called singular

points.

Graphical explorations of difference quotients.

Example 2. Consider the real function

£ (x) « 2%t
¥l = — +2x
6 2
which is differentiable, and it's derivative is the limit of
£x+Ax) - £ (x)
the real difference quotients A



36

as

Loemf s Bpoemgs 2afogyt
lin -
Baaw ax

0 =4 e ' .!

s dm') dxs '—1HH|M'-|:'—-JI.'LH P T L
li& i [ [ ¥
hea Y

{ i
LI

1ot R
.| o3| s 25 it aines S o

] &

- lim lac'al.'-ac'ail—lq aExlm-c

We can illustrate convergence of the real difference quotients

E(x+ ) - £ (%)
b by comparing graphs for decreasing values

of &% For illustration purposes we plot the real graphs

£ (x4 x) - F (%)
¥ s i for X = 1.5, 1.0, 0.5, 0.1

[ -1 1 o,

£(x+Ax) - £ (%)

3
for s = — = , for aw =1
o 2 b

£ix+dx) - £0x)
= B
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The graphof ¥ =L' [#] = ® +8&x"
£(x) = 1ty
& and the graph of

where
v = £E'(®)] = x5+6x2'

E
Z
1= Z sz
6 2

Example 3. Consider the complex function

it's derivative

fz+4A2) - £ (=)
AE

is the limit of

which is differentiable, and

the complex difference quotients



38

£ {Ee Ak £ (x
£ e - g D (E®AE) !
e’ Ax
bojzeaz)" c2(2obz)’- dxf-22
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We can illustrate convergence of the complex difference quotients
fiz+az) - £ (=)

Az

by comparing graphs for decreasing values of
AZ  For illustration purposes we plot the graphs
£fiz+Az) - £ (=)
m =
ks for
l+1 l+d l+d l+1
Az = 0.4 , oL . 0.l ., 0.05
Nz ) Az

e We  cannot
draw a graph of 2 -dimensional space into 2 -dimensional space, it

is necessary to choose a domain ' in the Z -plane for our graphs.
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The domain ' inthe Z -plane for the following graphs.

£ A - £ 1+1
W= M, for Az = 0,40 02
Az N
£ i - £ 1+1
W= M, for Az =0.20 2

Az Sz

39
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The graph of ¥ = £' (2] = zf v 6z

Figure. The unit square in the & -plane, and it's images under the
mappings
fiz+aAz) - £ (=)
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1 3 2
f(z) = —z=2'+2=
where g and the graph of
w = £'[(z2]1 = zs+Ezi.
Assignment

Suppose f’(z) exists at a point z. Is f’(z) continuous at z?
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Lecture 7. Cauchy Riemann
equations

Necessary condition
Suppose f(z) = u(x,y) + iv(x,y) is differentiable at a point

z = x + iy. Then at z the first-order partial derivatives of u and

. . . . a
v exist and satisfy the Cauchy-Riemann equations i =

and 2= — %
ay dx

v
dy

Proof The derivative of f at z is given by
(f(z +42) - f(2))
0
Az
By writing f(z) = u(x,y) + iv(x,y) and 4z = Ax + idy, (2)

f'(2) = limdz >

becomes
f'(z) = limAz

0 (u(x +A4x,y + Ay) + iv(x + Ax,y + 4y) — u(x,y) — iv(x,y))
_)
Ax + idy

Since the limit is assumed to exist, Az can approach zero from any
convenient direction. In particular, if we choose to let Az — 0 along
a horizontal line, then Ay = 0 and Az = Ax. We can then write as
f'(z) = lim4dx
S (ux +4x,y) — u(x,y) + i [v(x + 4x,y) — v(x,¥)])
Ax

0 (u(x + Ax,y) — u(x, y))
Ax

= limAx -
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(v(x + Ax,y) — v(x, y))
Ax '

The existence of f'(z) implies that each limit in (4) exists. These

+ilimdx -0

limits are the definitions of the first-order partial derivatives with
respect to x of u and v, respectively. Hence, we have shown two
things: both Ou/0x and Ov/Ox exist at the point z, and that the

derivative of f'is

_6u+i6v
fz_ax ox

We now let Az — 0 along a vertical line. With Ax = 0 and Az = iAy,

becomes

(uCx,y +4y) — u(x,y))

f'(z) = limdy - 0 iy + ilimAy
<v(x.y +4y) —v(x, y))
0 -
idy
In this case (6) shows us that du/dy and Ov/0y exist at z and that
oo lou N dv

By equating the real and imaginary parts, we obtain the pair of

equations.

Sufficient condition

Suppose the real functions u(x, y) and v(x, y) are continuous and
have continuous first-order partial derivatives in a domain D. If u
and v satisfy the Cauchy-Riemann equations (1) at all points of D,
then the complex function f(z) = u(x,y) + iv(x,y) is analytic in
D.
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Sufficient Conditions for Differentiability

If the real functions u(x,y) and v(x,y) are continuous and have
continuous first-order partial derivatives in some neighborhood of a
point z, and if u and v satisfy the Cauchy-Riemann equations (1) at
z, then the complex function f(z) = u(x,y)+iv(x,y) is
differentiable at z and f(z) is given by (9).

CR equations in polar coordinates

We saw that a complex function can be expressed in terms of polar
coordinates. Indeed, the form f(z) = u(r,0) + iv(r,0) is often
more convenient to use. In polar coordinates the Cauchy-Riemann

equations become

Jdu 1adv
ar 1o
v 10u
oar roe

The polar version of CR equation at a point z whose polar

coordinates are (r, 0) is then

"(2) = e=0(% 4 (0 =L 00 _ ;0u
F@) = e Gt i) =0e" G~ 159

Theorem (Complex form of the Cauchy-Riemann Equations).
Suppose the formula for £ (2} involves 2 d Z We can view

£ (2) a5 a function of Z @ T and write: L (2) = Tz, E)
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The complex form of the Cauchy-Riemann equations is

af g
az 3T
Assignment

1. Suppose u(x,y) and v(x,y) are the real and imaginary

parts of an analytic function f. Can g(z) = v(x,y) +

iu(x,y) be an analytic function? Discuss and defend your

answer with sound mathematics.

2. Suppose f(z) is analytic. Can g(z) = f(z) be analytic?

Discuss and defend your answer with sound mathematics.

3. If f(2) and f (z) are both analytic in a domain D, then

what can be said about f throughout D?

4. Consider the function

0 z=0
— 5
f(Z) 24 40
|z" |

(a) Express fin the form f(z) = u(x,y) + iv(x,y),

(b) Show that f is not differentiable at the origin.

(¢) Show that the Cauchy-Riemann equations are satisfied

at the origin. [Hint: Use the limit definitions ofthe partial

derivatives du/dx, ouw/dy, dv/ox, and 8v/dy at (0, 0).]
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Lecture 8. Harmonic functions and
harmonic conjugate

The second-order partial differential equation

0%2p 9%

ax T ay?

This equation, one of the most famous in applied mathematics, is

= 0.

L . 92 92
known as Laplace’s equation in two variables. The sum % + 6_31(;)

of the two second partial derivatives is denoted by V2¢ and is called
the Laplacian of ¢. Laplace’s equation is then abbreviated as
Vip = 0.

A solution ¢ (x,y) of Laplace’s equation in a domain D of the plane

is given a special name.

A real-valued function ¢ of two real variables x and y that has
continuous first and second-order partial derivatives in a domain D

and satisfies Laplace’s equation is said to be harmonic in D.

Suppose the complex function f(z) = u(x,y) + iv(x,y) is
analytic in a domain D. Then the functions u(x, y) and v(x,y) are

harmonic in D.

We have just shown that if a function f(z) = u(x,y) + iv(x,y)
is analytic in a domain D, then its real and imaginary parts u and v

are necessarily harmonic in D. Now suppose u(x, y) is a given real
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function that is known to be harmonic in D. If it is possible to find
another real harmonic function v(x, y) so that u and v satisfy the
Cauchy-Riemann equations throughout the domain D, then the
function v(x, y) is called a harmonic conjugate of u(x, y). By
combining the functions as u(x, y) + iv(x, y) we obtain a function

that is analytic in D.

Example: Construct  the  harmonic  conjugate  of

: SR
UWOLY) =¥ -3X¥ -X +¥ +2 Also, show that the

ER
underlying analytic functionis ¥ = £ (2) = 2" -2"+2

The orthogonal grid in the Z-plane and it's image under the

PR
analytic function W = L (2} = 2" -2" +2

Example: Construct  the  harmonic  conjugate  of

(X ¥ = x*+y*—5xzyz—2x2+6xyz—x2+y2+2x+lﬂ'
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Also, show that the wunderlying analytic function is

w=f(z) =zt-22'-2' 42z 10

The orthogonal grid in the Z-plane and it's image under the

4 ER
analytic function W= £(2) = 2" -2z -2 +2z2+10

EXAMPLE Harmonic Conjugate
(a) Verify that the function u(x,y) = x3 — 3xy? — 5y is harmonic
in the entire complex plane.

(b) Find the harmonic conjugate function of u.
Example: ulx,y) = xy + x + 2y; f(2i) = =1 + 5i

Example: u(x,y) = 4xy® — 4x3y + x; f(1 + i) =
5+ 4i
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Example: Show that v(x,y) = x/(x? + y?) is harmonic
in a domain D not containing the origin.

(b) Find a function f(z) = u(x,y) + iv(x,y) that is analytic in
domain D.

(¢) Express the function f found in part (b) in terms of the symbol

Z.

Example: Suppose f(z) = u(r, 6) + iv(r, 0) is analytic in a
domain D not containing the origin. Use the Cauchy-Riemann
equations in the form ru,, = vy and rv, = —ugy to show that u(r,

0) satisfies Laplace’s equation in polar coordinates:

a%u ou | 9%u
22 = —_ _— =
g Tt os 0.
Assignment

If f(z) = u(x,y) + iv(x,y) is an analytic function in a domain D
and f(z) # Ofor all z in D, show that ¢(x,y) = log, |f(2)| is

harmonic in D.

Project:
Write detail about the applications of harmonic function and their
harmonic conjugate. See for detail, D. G. Zill, A first course in

Complex analysis with applications.
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Lecture 9.  Exercises of CR equations
and analytic functions and harmonic

functions
In Problems 1 and 2, the given function is analytic for all z.

Show that the Cauchy-Riemann equations are satisfied at
every point.

1.f(z) = z232.f(z) = 322 + 5z — 6i
In Problems 3-8, show that the given function is not analytic

at any point.

3.f(z2) = Re(2)4.f(z) = y + ix
5.f(z) = 4z — 62 + 36.f(2) = Z*
1.f@) = 3 + ¥’ 8.f(2) =55 + i)

In Problems 9-16, use Theorem 3.5 to show that the given
function is analytic in an appropriate domain.

9.f(z) = e *cosy-ie *siny

10. f(z) = x + sinxcoshy + i(y + cos x sinhy)

11. f(2) = e** =Y’ cos 2xy + ie**~*sin 2xy

12. f(z) = 4x?> + 5x — 4y? +9+i(8xy + 5y — 1)

x-1 iy

13.f(2) = -

x—-12%2+y?  (x—-1)24y?

3t ay?+x | i(x®V+y3-y)
X2+ y? X2+ y?

6 , .6
15. f(2) = cos—— isin=

14. f(z) =
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16. f(z) = 5rcos@ + r*cos40 + i(5rsin6 +
rtsin 46)

In Problems 17 and 18, find real constants a, b, ¢, and d so
that the given function is analytic.

17.f(z) = 3x — y +5+i(ax + by — 3)

18. f(z) = x? + axy + by? + i(cx? + dxy + y?)

In Problems 19-22, show that the given function is not
analytic at any point but is differentiable along the indicated
curve(s).

19. f(z) = x% + y? + 2ixy; x — axis

20. f(z) = 3x%y? — 6ix?y?; coordinate axes

21.f(z2) = x3 4+ 3xy? — x + i(y3 + 3x% — y);
coordinate axes

22.f(z2)=x>—x+y+ iy’ -5y —x); vy =x + 2
23. Use (9) to find the derivative of the function in Problem 9.
24. Use (9) to find the derivative of the function in Problem
11.

25. We defined the complex exponential function f(z) = e”
in the following manner e* = e* cosy + ie* siny.

(a) Show that f(z) = e? is an entire function.

(b) Show that £°(z) = z)
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Harmonic function and harmonic conjugate
In Problems 1-8, verify that the given function u is harmonic
in an appropriate domain D.
Lu(x,y) = x2.u(x,y) = 2x — 2xy
.u(x,y) = x2-y24.u(x,y) = x3 — 3xy?
5. u(x,y) =log.(x? + y?) 6.u(x,y) = cos x coshy
7.u(x,y) = e*(xcosy — ysiny)
8. u(x,y) = —e*siny
9. For each of the functions u(x, y) in Problems 1, 3, 5, and 7,
find v(x, y), the harmonic conjugate of u. Form the
corresponding analytic function f{z) = u + iv.
10. Repeat Problem 9 for each of the functions u(x, y) in
Problems 2, 4, 6, and 8.
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Lecture 10. Linear Transformation
and linear mapping

We define a complex linear function to be a function of the form
f(z) = az + b where a and b are any complex constants.

A complex linear function

T(z)=12z + b,b+ 0,(1)

is called a translation. If we set z=x + iy and b = x0 + iy0 in (1),
then we obtain:

T(z) = (x +iy) + (xo + ¥o) = x + xo + i(y + Yo)-
Thus, the image of the point (x, y) under T is the point (x + xq,y +
Yo)-

The linear mapping T(z) = z + b can be visualized in a single
copy of the complex plane as the process of translating the point z

along the vector (xg,y,) to the point T(z).

"

e N LPrL

ez apsZ

e sty

-

A complex linear function

R(z) = az,|a|

L®
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is called a rotation. Although it may seem that the requirement |a| =
1 is a major restriction in (2), it is not. Keep in mind that the
constant a in (2) is a complex constant. If o is any nonzero complex
number, then a = o/ || is a complex number for which |a| = 1. So,
for any nonzero complex number o, we have that R(z) = a

|a| z is a rotation.

Consider the rotation R given by (2) and, for the moment, assume
that Arg(a) > 0. Since |a| = 1 and Arg(a) > 0, we can write a in
exponential form asa = e’ with0 <0 <n. Ifweseta = e'® and
z = re'® in (2), then by property we obtain the following
description of R:

R(z) = e%rel® = rel@+a®,

gl ey o L

LE-EL)

z=ret ¥ marst?

The final type of special linear function we consider is
magnification. A complex linear function

M(z) = az,a > 0,(4)
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is called a magnification. It is implicit in the inequality a > 0 that
the symbol a represents a real number. Therefore, if z = x+ iy, then
M(z) = az = ax + iay, and so the image of the point (x, y) is
the point (ax, ay). Using the exponential form z = re® of z, we
can also express the function as: M(z) = a(re® ) = (ar)e.
Image of a Point under a Linear Mapping

Let f(z) = az + b be a linear mapping with a # 0 and let zo be a
point in the complex plane. If the point wo = f(zo) is plotted in the
same copy of the complex plane as zo, then wo is the point obtained
by

(i) rotating zo through an angle of Arg(a) about the origin,

(1) magnifying the result by [a|, and

(iii) translating the result by b.

Example 1. Find the image of the rectangle with vertices —1+i,

1+, 1421, and —142i under the linear mapping f(z) = 4iz + 2 +
3i.

lab Boasiion by w2 T Mozt o By b Tranalaton by 14
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Example 2. Find a complex linear function that maps the
equilateral triangle with vertices 1 +i, 2+i, and ; +@1 +%\/§)i
onto the equilateral triangle with vertices i, V3 + 2i, and 3i.

Solution Let S1 denote the triangle with vertices 1 +i, 2+i, and % +
1+ %\/?) i shown in color in Figure (a), and let S’ represent the

triangle with vertices i, V3 + 2i, and 3i. shown in black in Figure
(d). There are many ways to find a linear mapping that maps S1 onto
S’. One approach is the following: We first translate S1 to have one
of its vertices at the origin. If we decide that the vertex 1 + i should
be mapped onto 0, then this is accomplished by the translation
T1(z) = z — (1 + i). Let S2 be the image of S1 under T1. Then
S2 is the triangle with vertices 0, 1, and 1/2 + 1/2v/3i shown in
black in Figure (a). From Figure (a), we see that the angle between
the imaginary axis and the edge of S2 containing the vertices 0 and
1/2 + 1/2+/3i is /6. Thus, a rotation through an angle of n/6
radians counterclockwise about the origin will map S2 onto a

triangle with two vertices on the imaginary axis. This rotation is

given by R(z) = (ei?n)z = (1/2v/3 + 1/2 i)z, and the image of
S2 under R is the triangle S3 with vertices at 0, 1/2v3 + 1/21,
and i shown in black in Figure (b). It is easy to verify that each side
of the triangle S3 has length 1. Because each side of the desired
triangle S has length 2, we next magnify S3 by a factor of 2. The
magnification M(z) = 2z maps the triangle S3 shown in color in

Figure (c) onto the triangle S4 with vertices 0,4/3 + i, and 2i
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shown in black in Figure (c). Finally, we translate S4 by i using the
mapping T2(z) = z +i. This translation maps the triangle S4 shown
in color in Figure (d) onto the triangle S_ with vertices i,V3 + 2i,
and 31 shown in black in Figure (d). In conclusion, we have found
that the linear mapping:

f(z) =T2 *M R - Tl(z) =(V3+ Dz +1 -3 +
/3i maps the triangle S1 onto the triangle S’.

Fih Translaton by ~1-1 (bl Rotation by =/

]

: [
tch Magnification by 2 A} Translation by |
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Assignment:

Describe the action of following linear transformation on the

unit disk |z| < 1

f(z) = 3iz + 4,f(z) = 5(cosn/5+ isinm/5)z + 7i,
f(z) = =172z + 1 —=V3i,f(z) = 3 — 2i)z + 12

S is the triangle with vertices 0, 1, and 1 + i. S’ is the triangle

with vertices 21, 3i, and —1 + 3i.

S is the circle |z — 1| =3. S’ is the circle |z + 1| = 5.

S is the imaginary axis. S’ is the line through the points i and 1

+ 2i.

S is the square with vertices | +1i,—1 +1i,—1 —1i,and 1 —i. S’ is

the square with vertices 1, 2 + 1, 1421, and i.

Find two different linear mappings that map the square with

vertices 0, 1, 1+i, and i, onto the square with vertices —1, 0, 1,

-1+1i
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Lecture 11. Mapping by w = 1

z
1
. w = . . .
The mapping & is called the reciprocal transformation and
maps the z-plane one-to-one and onto the w-plane except for the
point z=0, which has no image, and the point w=0, which has no

pre image or inverse image. Use the exponential notation

ig . ig
W= P& " jpthe w-plane. If 2 = Y& " # U we have
wepett o o o I p-if
z E
The geometric description of the reciprocal transformation is now

evident. It is an inversion (that is, the modulus of (1/z) is the

reciprocal of the modulus of z) followed by a reflection through
the x axis. The ray ¥ * 0+ =8 is mapped one-to-one and onto
the ray #* 0, #=-0  Points that lie inside the unit circle

Cr (D) =42: 2] =1} are mapped onto points that lie
outside the unit circle and vice versa. The situation is illustrated in

Figure

-1 -1 -
#
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Example. Show that the image of the right half plane

1 1
A:{z:Re(zja—} w=L£ (2] = —
2- under the mapping Z is the

closed disk D1 (1) ={w: |w-11] =1} iy the w-plane.

1
u+iv=w=£ (2] = —
Solution. We get the inverse mapping of Z

z=f"(w = !

as w . Then

u+iwv=w==£(z) e Dy (1)

=t cxediy £ A

1
—_ - =X+1¥ E 4
U+ 1w
1 - )
= =X+1¥ E 4
ut 4l (ELER T
1 -
= =X —, an ¥
ué 4ot ué 4t
1 1
— = —
ué 4ot z

& &
= U -2u+l+v =1

= -1tz

which describes the disk "1 {1} | As the reciprocal transformation
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is one-to-one, pre images of the points in the disk T [1) will lie in

1
Be (2] = —
the right half-plane & . Figure 2.23 illustrates this result.

1
w= £ (Zj = —
Example. For the transformation z , find the image of

Be (=) =
the portion of the right half plane 2 that lies inside the

1 1
Dl[—]={z: Z- — 51}
closed disk 2 z .
1
. . oo (—]
Solution. We need only find the image of the closed disk 2

and intersect it with the closed disk P1 (1) To begin, we note that

Dl(%) ={(x,yj : x2+y2—x Y %}

1
z=ftm = =
L)

Because , we have, as before,
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u . - . 1
= ——— + L ——— = X+1¥ E Dl|:—:|
ud 4yl ut 4wt z

1 H -v H 1 3
= [ |+ ) - ==
uf 4w ut 4w ué 4wl 4
1 1 3
_ — - = —
ud+yt o ot 4

which is an inequality that determines the set of points in the w

plane that lie on and outside the circle
2 2 4
E%IZ_E]:{W' |W+E|=E}

deal with the point at infinity this time, as the last inequality is not

. Note that we do not have to

satisfied when . ¥1 = (0, U1 When we intersect this set with

D1 (1) we get the crescent-shaped region shown in Figure.
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To study images of "generalized circles," we consider the equation

Aixt+v9+Bx+Cy+D =0

b}

where A, B, C, and D are real numbers. This equation represents

either a circle or a line, depending on whether ## 0ord =10

respectively. Transforming the equation to polar coordinates gives

Ar'+ £ (Bcos€+ Csing) + D = 0

Using the polar coordinate form of the reciprocal transformation,

we can express the image of the curve in the preceding equation as

L+po(Bcosg - Caing) +Da’ = 0

which represents either a circle or a line, depending on

whether ' # Borl =0 ‘regpectively. Therefore, we have shown that
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1
= —
the reciprocal transformation & carries the class of lines and

circles onto itself.

1
w=f (Zj = —
Example. Consider the  mapping Z

(a) Find the images of the vertical lines x = a. (b) Find the images

the horizontal lines y = b.

Solution. Taking into account the point at infinity, we see that the
image of the line x=0 is the line u=0; that is, the y axis is mapped

onto the v axis.

Similarly, the x axis is mapped onto the u axis. Again, the inverse

1 u . -

+1
mapping is w uf 4t wavt g0 if @# 0 the

vertical line * = 2 is mapped onto the set of (u,v) points satisfying
LE)

— =a
uf + vt . For (u,v) # (0,0), this outcome is equivalent to

which is the equation of a circle in the w plane with center
: |
Wy = —_—

2a

Za and radius

(u,v) = (0,0).

. The point at infinity is mapped to
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Similarly, the horizontal line ¥ =¥ is mapped onto the circle

1 1 1,1 1,2
woe vt s D =uz+(v+—] = [—]
b 4kt Zh
: | = |
. Wy = - — . — .
which has center 2b  and radius Z2b | . Figure

illustrates the images of several lines.

Smal ﬂ--.—l s

e =

']

i

=
B

Assignment:

Find the image of the given set under the reciprocal mapping w = E

on the extended complex plane.

1. the circle |z| =5

2. the semicircle |z| 1/2,n/2 < arg(z) < 3m/2

3,—n/4 < arg(z) < 3n/4

3. the semicircle |z|
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4. the quarter circle |z| = 1/4,n/2 < arg(z) < 7©

5. the annulus 1/3<|z| < 2

6.theregionl < |z| < 4,0 < arg(z) < 2rn/3

7.theray arg(z) = n/4

8. the line segment from —1 to 1 on the real axis excluding the point
z=0

9. the line y =4

10. the line x = 1/6

Find the image of the given set under the reciprocal mapping w =
1/z on the extended complex plane.

11. the circle |z +1i| =1

12. the circle |z + 1/3 i|= 1/3

13. the circle |z — 2| =2

14. the circle |z + Y= Y

Projects:
1. Show that the image of the line x = k,x # 0, under the

reciprocal map defined on the extended complex plane is the circle

1 1
W= =151
2. If A, B, C, and D are real numbers, then the set of points in

the plane satisfying the equation: A(x? + y?)+ Bx + Cy +
D = 0 is called a generalized circle.

(a) Show that if A = 0, then the generalized circle is a line.

(b) Suppose that A # 0 and let A = B? + C? — 4AD. Complete the

square in x and y to show that a generalized circle is a circle
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centered at (— %, — i) with radius \/g provided A > 0. If A <0,

the generalized circle is often called an imaginary circle.)

3. Consider the complex function f(z) = % + 2 defined on

the annulus 1 < |z| £ 2.

(a) Use mappings to determine upper and lower bounds on the

1+
z

modulus of f(z) = + 2. That is, find real values L and M such

that L < |(1 + i)/z+ 2| < M.
(b) Find values of z that attain your bounds in (a). In other words,
find z0 and z1 such that z0 and z1 are in the annulus 1 < |z] < 2

and |f(z0)] = Land |f(z1)| = M.
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Lecture 12. Mapping of w = z" and
1

W = Zn

Mapping of w = z", for n > 2.

The function z2: Values of the complex power function f(z) = z2
are easily found using complex multiplication. We begin by
expressing this mapping in exponential notation by replacing the
symbol z with e?? :

w=z%= (re“’)z = r2e®9 (1)

From (1) we see that the modulus 7% of the point w is the square of
the modulus r of the point z, and that the argument 20 of w is twice
the argument 6 of z. If we plot both z and w in the same copy of the
complex plane, then w is obtained by magnifying z by a factor of r
Oand then by rotating the result through the angle 6 Oabout the

origin.

It is important to note that the magnification or contraction factor
and the rotation angle associated to f(z) = z? depend on where the
point z is located in the complex p1a1

4and f(i/2) = —1/4 , the point z = 2 is magnified by 2 but

For example, since (2) =

not rotated, whereas the point z = % is contracted by 1/2 and rotated

through %.
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Example 1. Find the image of the circular arc defined by |z| =
2, 0 < arg(z) < n/2, under the mappingw = z2.

Solution Let C be the circular arc defined by |z| = 2, 0 < arg(z) <
n/2, shown in Figure (a), and let C* denote the image of C under
w = z2. Since each point in C has modulus 2 and since the
mapping w = zZsquares the modulus of a point, it follows that
each point in €’ has modulus 22 = 4. This implies that the image
C’ must be contained in the circle |w| = 4 centered at the origin with
radius 4. Since the arguments of the points in C take on every value
in the interval [0, 7/2] and since the mapping w = z2doubles the
argument of a point, it follows that the points in C’ have arguments
that take on every value in the interval [2.0,2(rr/2)] = [0, m]. That
is, the set C’ is the semicircle defined by |w| = 4,0 < arg(w) <

7. In conclusion, we have shown that w = z? maps the circular arc

C onto the semicircle C’ shown.

Example 2. Find the image of the vertical line x = k under the
mappingw = z2

Solution In this example it is convenient to work with real and
imaginary parts of w = z? which, are u(x,y) = x%- y? and
v(x,y) = 2xy, respectively. Since the vertical line x = k consists
of the points z = k + iy,—o0 < y < oo, it follows that the

image of this line consists of all points w = u + v where u =

k? - y2v= 2ky,—o0 < y < oo,
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If k # 0, then we can eliminate the variable y by solving the second
equation for y = %and then substituting this expression into the

remaining equation and inequality. After simplification, this yields:

2

u = kz—m,—oo < v < 0 (3)

Thus, the image of the line x = k (with k # 0) under w = zZis the
set of points in the w-plane satisfying (3). That is, the image is a
parabola that opens in the direction of the negative u-axis, has its
vertex at (k2,0), and has v-intercepts at (0, +2k?). Notice that the
image given by (3) is unchanged if k is replaced by —k. This implies
that if k # 0, then the pair of vertical lines x = k and x = —k are

2

both mapped onto the parabola u = k2 —:? by w = z?The

action of the mapping w = z2on vertical lines is depicted in Figure.
The vertical lines x = k,k # 0, shown in color in Figure are
mapped onto the parabolas shown in black in Figure 2. In particular,
from (3) we have that the lines x = 3 and x = —3 shown in color in
Figure are mapped onto the parabola with vertex at (9, 0) shown in
black in Figure. In a similar manner, the lines x = + 2 are mapped
onto the parabola with vertex at (4, 0), and the lines x = + 1 are
mapped onto the parabola with vertex at (1, 0). In the case when k =
0, it follows from (2) that the image of the line x = 0 (which is the
imaginary axis) is givenby:u = —y%,v = 0,—00 < y < oo,

With minor modifications, the method of Example 2 can be used to

show that a horizontal line y = k,k # 0, is mapped onto the

2
parabola u = :? — k? byw = z2. Again we see that the image in
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(4) is unchanged if k is replaced by —k, and so the pair of horizontal
linesy=kandy = —k,k # 0, are both mapped by w = z2 onto
the parabola given by(4).

Example 3. Find the image of the triangle with vertices 0, 1 +

i, and 1 — i under the mapping w = z2.

The function z",n > 2

" can be

An analysis similar to that used for the mapping w = z
applied to the mapping w = z™,n > 2. By replacing the symbol z
with re’® we obtain: w = z" = r"e¥ (5)

Consequently, if zand w = z™ are plotted in the same copy of the
complex plane, then this mapping can be visualized as the process of
magnifying or contracting the modulus r of z to the modulus ™ of

w, and by rotating z about the origin to increase an argument 6 of z

to an argument nf of w.

1
The power function zn:
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. 17t .
The transformation ¥ = £ (2} = 27" ysually maps vertical and

horizontal lines o, _ _ortions of hyperbolas. (a) Find the image of

I‘Y _ prtical line . (b) Find the image of the horizontal line

a=0

Solution. . (21> a The at,, . _quations map the right half-plane

given by & ) onto the region in the right half-

wovlaa
lpf_wtoa/Mg p.p andlylngtox=uz_vz ard v = 2uv
- If s Iz =12 yab

map the upper half-plane 5, ... (e, ) onto the region
I3 w2 pit [ satisfying and lying above the hyperbola
. This situation is illustrated in Figur, ~ " 5, 2 3 an

exercise the investigation of what happens when

The mapping ¥ = £ (2] = z* and (2 = £t =w ).
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What happens to images of regions under the mapping

we £(z) = 2t o |z |l.l’2EE1.*5rg(5).l'I o pli gl for reiegﬂ, where

. ig
- <8279 If we use polar coordinates for ¥=2E"" in the w

plane, we can represent this mapping by the system

=]
,o=1:‘1""I andtja:E

This Equation indicate that the argument of f(z) is half the argument

of z and that the modulus of f(z) is the square root of the modulus of
z. Points that lie on the ray ¥ * U+ =9 are mapped onto the ray

o
o= D: 'i' = =
2 . The image of the z plane (with the point z=0

deleted) consists of the right half-plane Re(w)>0 together with the

positive v axis. The mapping is shown in Figure.

ﬁ (and T = £ ) = v ).

The mapping ¥ =TI (2] = =t

. . Ll . .
Example 2. Consider the mapping ™ =2 " . Find the image of the

ray =0, 8=a andcircle = 7.
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We can easily extend what we've done to integer powers greater

than 2. We begin by letting n be a positive integer, considering the
. T 6 . . .

function w=£(2)=2" for Z=t®" #0 and then expressing it in

the polar coordinate form

. iy, .
If we use polar coordinates for ™=~ % ° in the w -plane, this
mapping can be given by the system of equations

p=r" and

f=ng

The image of theray L * U =0 jstheray @+ 0  #=na 5pd

the angles at the origin are increased by the factor n. The functions

Zm
cosn® and sinn® gre periodic with period = , sofis in general

an n-to-one function; that is, n points in the z-plane are mapped onto
each non-zero point in the w-plane.

If we now restrict the domain of ¥=£ (2] =2 {9 the region

i - Ed
E={rcem: r>0and — =« 6‘5—}
n n-

then the image of E under the mapping ¥ = 2" can be described by

the set
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F-{pe': p>0and -7 s , which consists of all points in the
w-plane except the point w=0. The inverse mapping of f, which we

shall denote by g, is then

Z=q (W = wl,l’n _ II:ll,l'ﬂ EEilﬂ,l’n

>

where &€ F_ Thatis

z=qg (W = m,l."n _ | w |l.l'n Ei&rg(wjin

b}

where ™ # U As with the principle square root function, we make

.. t'h
an analogous definition for ™ = roots.

th
Definition 2.2 (Principal ™ Root Function). The function

_ _ In _ 1/m _idrgiwifn .
z=g ()= _|w| E , for #0 s called the

th
principal ' root function.

We leave as an exercise to show that f and g are inverses of each
other that map the set E one-to-one and onto the set F and the set F
one-to-one and onto the set E, respectively. Figure illustrates this

relationship.
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The mapping ¥=£ (2) =2" (and 2= 9 (W) =",

) 2 " 1/
Example 3. Explore the mapping W=2" W=2 =2

Assignment:

Find the image of the given set under the mapping w = z2.

Represent the mapping by drawing the set and its image.

.theray arg(z) =mn/3
.theray arg(z) = —3n/4
.thelinex = 3
.theliney = —5

.theliney = —1/4
. the line x = 3/2
. the positive imaginary axis

.theliney = x

O 0 N SN N AW N -

.the circular arc |z| =1/2,0 < arg(z) <«

10. the circular arc |z| = 4/3,—n/2 < arg(z) < n/6
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11. the triangle with vertices 0, 1, and 1 + i
12. the triangle with vertices 0, 1 + 2i, and —1 + 2i
13. the square with vertices 0, 1, 1 + 1, and i

14. the polygon with vertices 0, 1, 1 + 1, and —1 +1i

Find the image of the given set under the given composition of a
linear function with the squaring function.

15. theray arg(z) =n/3; f(z) = 2z2 + 1 — i

16. the line segment from 0 to -1+ i; f(z) =222 + 2 — i
2; f(z) = iz?-3

18.theliney = —3; f(z) = —z% + i

17. the line x

19. the circular arc |z| = 2,0 < arg(z) < %; f2 = %6722

20. the triangle with vertices 0, 1, and 1 + i; f(2) = —iiz2 +1
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Lecture 13. Branches of complex
functions

Let =L [Z) denote a function whose domain is the set D and

whose range is the set R. If w is a value in the range, then there is

an associated inverse function £ = (W) that assigns to each

value wthe value (or values) ofzinDfor which the

equation L (2) = W holds. But unless £ takes on the value w at
most once in D, then the inverse function g is necessarily many

valued, and se say that g is a multivalued function. For example,

. i
the inverse of the function ¥ =1t (2] = 2" js the square root

1
1 1
function =TI (W) =w¥  For each value z other than =19

then, the two points z and -z are mapped onto the same

point =T (2] hence g is in general a two-valued function.

Let "= L (Z) be a multiple-valued function. A branch of f is any

single-valued function Lo that is continuous in some domain

(except, perhaps, on the boundary). At each point z in the domain,

assigns one of the values of T [ZJ . Associated with the branch of a

function is the branch cut.

We now investigate the branches of the square root function.


http://mathworld.wolfram.com/MultivaluedFunction.html
http://mathworld.wolfram.com/BranchCut.html
http://mathworld.wolfram.com/SquareRoot.html
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Example. We consider some branches of the two-valued square root

1
function T (2) = 2% (where 2 # ). Define the principal square

root function as

w=£f0(z) = |=z|% E Z =r

.

where I= |Z 1% and B=Arg(z) o that -T <=7 The

function 1 (2] jsa branch of T (Z) | Using the same notation, we

can find other branches of the square root function. For example, if

we let
i i Argrmi4i M i i apfom
w=£f£:(z1= |z|i & B =rieE B
B+ 2m B+ 2m
= rm[ + 1 3in ]
2
2
then
1 joim
f;(2) =i e i
-
i=
o Pl el
&
i=
= e’

1]
1
Hh
=
—
]
—



80

so f1(z)ad £5 (2) can be thought of as "plus" and "minus"

square root functions. The negative real axis is called a branch cut
for the functions L1 (2) and £ (2)  Each point on the branch cut is

a point of discontinuity for both functions £1 (2) and £; (2]

Example. Show that the function
1
T

fi (el =r [cu:us g +135in E)

is discontinuous along the

negative real axis.

Solution. Let Zv = En B denote a negative real number. We
compute the limit as z approaches =t through the upper half-
plane 123 I (21 =0} and the limit as z approaches Z¢ through

the lower half plane 123 I- (2] <0} In polar coordinates these

limits are given by

) i ) 1 = )
Llityr,ey¢ry,m E1 (rem) = lilgr gygery,m EE (cos E +1 3in E] = :I:L]:Ju"ri

s and

i 1 g g

. @ . . . PR -4
limgr,eyaizg.-m f1 (r e! ) = lim¢r oty -my L (CDS 7 +131n E:I = -1 IIJI
As the two limits are distinct, the function 1 (2] jg

discontinuous at Z0 .
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Remark Likewise, £1(Z) is discontinuous at 2t . The mappings

w=1=) (2)  W=£L; (2]  and the branch cut are illustrated in

Figure.

y

y

(b) The branch "= £z (2) = =42 (where Z=1"),

r+| =

Figure The branches £1 (2] and £: (2] of £ (2] =2
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We can construct other branches of the square root function by
specifying that an argument of z given by = 3LJ 2 js to lie in the

interval WeGsa+am The corresponding branch,

r+|

[cu:us E + 1 sin E]

fp (21 = ¢ >

denoted Lu (2} | s ,where

z=re'® 0 and =Gz a+ 2

The branch cut for fx (Z) jsthe ray ¥ =0+ &= which includes

the origin. The point 2= common to all branch cuts for the

multivalued square root function, is called a branch point. The

mapping ¥ = Lx (Z) and its branch cut are illustrated in Figure.

- ’ocfz

1
Figure The branch Lu (2] of £ (2] = 2%
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h.'l“—'

The Riemann Surface for ¥ = 2

A Riemann surfaceis a construct useful for visualizing a

multivalued function. It was introduced by Georg Friedrich
Bernhard Riemann (1826-1866) in 1851. The idea is ingenious - a
geometric construction that permits surfaces to be the domain or
range of a multivalued function. Riemann surfaces depend on the
function being investigated. We now give a nontechnical
formulation of the Riemann surface for the multivalued square root

function.

-

A graphical view of the Riemann surface for ™ = 2t

1
I

Consider ¥=£ (2} = 2% which has two values for any 2 # 19,

Each function £1 () and £; (2] jn Figure 2.18 is single-valued on

the domain formed by cutting the z plane along the negative x axis.

Let P1and Pz be the domains of f1 (2] and £: (Z) | regpectively.


http://mathworld.wolfram.com/RiemannSurface.html
http://www-groups.dcs.st-and.ac.uk/~history/Mathematicians/Riemann.html
http://www-groups.dcs.st-and.ac.uk/~history/Mathematicians/Riemann.html
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The range set for f1 (2] is the set Hi consisting of the right half-
plane, and the positive v axis; the range set for Lt (Z) is the
set He consisting of the left half-plane and the negative v axis. The

sets HiandHy gre "glued together" along the positive v axis and the

negative v axis to form the w plane with the origin deleted.

We stack P1 directly above Pt . The edge of UL in the upper
half-plane is joined to the edge of Pt in the lower half-plane, and
the edge of P'L in the lower half-plane is joined to the edge of I
in the upper half-plane. When these domains are glued together in
this manner, they form R, which is a Riemann surface domain for
the mapping ¥ = £ (2] = z% . The portions of D1 Dz &nd R that Jje

in 2% 121 <1} are shown in Figure 2.20.

| =

(a) A portion of P'1 and its image under ¥ = Z
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ro|

(¢) A portion of R and its image under ™= 2

r+| =

Formation of the Riemann surface for =2

The beauty of this structure is that it makes this "full square root

function" continuous for all £ # Y Normally, the principal square

root function would be discontinuous along the negative real axis, as

points near ~! but above that axis would get mapped to points
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close to L, and points near ~1 but below the axis would get

mapped to points close to ~L .



87

Lecture 14. Complex exponential
functions and complex Logarithm

Definition 5.1 (Exponential Function). The definition of

0 1

exp(z) is e* = nzogzn. The function e?is an entire function

satisfying the following conditions:
). % e? = e”, using Leibniz notation.
(ii). e?1t?2 = gZ19%2,
(iii). If O is a real number, then e?® = cos(@) + i sin(H).
If z = x + iy, we also see from parts (ii) and (iii) that
(1) exp(z) = e? = e*e™” = e*(cos y + isin y)
(2) e*T2nT = 7 for all z, provided n is an integer,
(3) e? =1, ifand only if z = i2nm, where n is an integer, and
(4) e”r = e”z ifand only if z, = z; + i2nm, for some integer n.

Example . For any integer n, the points z, = ; + i(%n + 2nm) are

mapped onto a single point in the w plane


http://mathworld.wolfram.com/ExponentialFunction.html
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Suppose, then, that w = e # 0. If we write w in its exponential
form as w = p e?, identity gives p e’ = e*e!”. we get p = e*

and ¢ = y + 2nm, where n is an integer. Therefore,

p =l|e?|=e* , and ¢ € arg(e?) = {Arg(e?) +

2nm:n is an integer}.

Solving these equations for x and y, yields x = In p = In |e?| and
y = ¢ + 2nm, where n is an integer. Thus, for any complex number
w # 0, there are infinitely many complex numbers z = x + iy such
that w =e” . From the previous equations, we see that the
numbers z are z=x+iy=Inp+i(¢ +2nn) =n|w|+

i(Arg w + 2nm), where n is an integer.

In summary, the transformation w = e maps the complex plane
(infinitely often) onto the set of nonzero complex numbers. If we
restrict the solutions in equation so that only the principal value of
the argument, —r < Argw < m, is used, the transformation w =

z

e? = e**% maps the horizontal strip {(x,y): —m < y < 1}, one-to-
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one and onto the range set S = {w: w # 0}. This strip is called the

fundamental period strip.

ex § T

The horizontal line Z=t+1b for -= <L <o iy the 7 plane, is
t _ib . -

mapped onto the ray W = ® &~ = & (cosb+ A sinbl that s

inclined at an angle #=Y in the w plane. The vertical segment

Z=8+18 for -T<E =T jy the z plane, is mapped onto the

ad
circle centered at the origin with radius ® in the w plane. That is,

w=e'e'” - e*(cosf+ising

Example 5.2. Consider a rectangl

BE={(x,v¥):azx=zh and |:5§g5d}, where -T=c<d=m
Show that the transformation = &° =& maps the rectangle F

onto a portion of an annular region bounded by two rays.

Solution. The image points in the w plane satisfy the following

relationships involving the modulus and argument of w:

T
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% = |EEa+iy|5|Ex+iy|5|eb+iy|=eb’ and

o= Arg (™) sarg (2™ < hrg (#*7) <4 which is a portion of the
ig, a b

annulus 1PE G ETsesE) g plane subtended by the

rays 9=°¢ ad =d Figure 5.3, we show the image of the

- B
R*:{(x,yj: “lzx=z1and Ti‘_‘{i E}

rectangle
o il
2 -3/
.-'r. L
i) A
AW i
e S
S
2= e N
G Ay ]
T
1 1 ! e - I-".I
“ ~/
o . T v'/
= =
Complex Logarithm:

The multiple-valued function In z defined by: Inz = log, |z| +

i arg(z) is called the complex logarithm.

Hereafter, the notation Inz will always be used to denote the

multiple 28 4 comg logarithm. By switching to exponential

notation z=re!® | we obtain the following alternal >

@ Oflll

desc- tion complex logarithm: Inz =log,|z| +

i(0@ + 2nm),n = 0,%21,%2,.. . We see that the complex
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logarithm can be used to find all solutions to the exponential

equation e" = z when z (is a nonzero complex number.

Example: Find all complex solutions to each of the
following equations. (a) e” =i(b)e" =1+ i(c)e" = -2
Algebraic Properties of In z

If z1 and z2 are nonzero complex numbers and n [Jis an integer,
then

(1) In(z1z2) = Inzl + Inz2

(i) n(z122) =2 71 — In 22

(iii) Inz1™ = n Inz1.

Principal Value of the Complex Logarithm

The = aplex function Ln z defined by:

Inz = log_e|z| + iArg(z) is called the principal value of the

complex logarithm.

Example: Compute the principal value of the complex

logarithm Ln z fora) e =i(b)e” =1+i(c)e” = -2

It is important to note that the identities for the complex logarithm

are not necessarily satisfied by the principal value of 2 plex

logal m. ForZ xample, it is not true that Ln( zl1 z2) =
Inz 1 + Lnz 2 for all complex numbers z1 and z2 (although it

may be true for some complex numbers).
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Ln z as an Inverse Function:

Because Ln z Ois one of the values of the complex logarithm In z, it
follows that:
el"” =z forall z+0
This suggests that the logarithmic function Ln z is an inverse

function of exponential function e .

Analyticity: The principal value of the complex logarithm Ln z is
discontinuous at the point z= 0 since this function is not defined
there. This function also turns out to be discontinuous at every point
on the negative real axis. This is intuitively clear since the value of
Ln z a point z near the negative x-axis in the second quadrant has
imaginary part close to , whereas the value of a nearby point in the
third quadrant has imaginary part close to —m. The function Ln z
Ois, however, continuous on the set consisting of the complex plane
excluding the non positive real axis. Using the theorem, a complex
function f(z) = u(xy) + iv(xy) is continuous at a point z = x +
iy if and only if both ulJ) and v are continuous real functions at
(x,y). The real and imaginary parts of Ln z are u(x,y) =
log.|z| = lo‘ge\/ﬁy2 and v(x,y) = Arg(z), respectively.
From multivariable calculus we have that the function u(x,y) =
log, \/m is continuous at all points in the plane except (0,0)
and we have that the function v(xOOy) = Arg(z) is continuous on

the domain |z| > 0,—1 < arg(z) <m.
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Therefore, it follows that Ln zis a continuous function on the
domain @0

lz] > , —-nm < arg(z2) < =w
Put another way, the function f1 defi® y
fl1(z) = log. r +i6
is continuous on the domain where rJ=|z| and 8 = arg(z). Since
the function fl agrees with the principal value of the complex
logarithm
Ln z where they are both defined, it follows that f1 assigns to the
input z one of the values of the multiple-valued function F(z) = Inz.
We have shown that the function fl defined is a branch of the
multiple-valued function f(z) = Inz. (Recall that branches of a
multiple-valued function F are denoted by fl, f2, and so on.) This
branch is called the principal branch of the complex logarithm.
The non positive real axis is a branch cut for fl and the point z =0
is a branch point. As the following theorem demonstrates, the
branch f1 is an analytic function on its domain.
Theorem Analyticity of the Principal Branch of In z
The principal branch f1 of the complex logarithm defined by is an

analytic function and its derivative is given by:

fl(z) =1/z

Logarithmic Mapping Properties
(1) w = Lnz maps the set |z| > 0 onto the region —oo <u <o, -t <V

<m.
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(i) w = Lnz maps the circle |z| = r onto the vertical line segment u
=loger, t<v<m.
(iii) w = Lnz maps the ray arg(z) = 0 onto the horizontal line v =6,
—o<u< oo,

Example: Find the image of the annulus 2 < |z| < 4 under the

logarithmic mapping w =Ln z.

Assignment:
Find the image of the given set under the exponential mapping.
1. The line y = —2.
2. The line x = 3.
3. The infinite strip 1 <x <2
4. The square with vertices at 0, 1, 1 + 1, and 1.
5. The rectangle 0 < x <loge 2, —n/4 <y < 7/2.
6. The semi-infinite strip —0 <x<0,0<y<m.
Find a domain in which the given function f is differentiable; then
find the derivative f.
7.(z) = 3z2-e?? + ilnz, f(z) = (z + Dinz

__Ln(2z-1)

8.7@) ==
9.f(z) = Ln(z% + 1)
Find the image of the given set under the mapping w =Ln z.

10. The ray arg (z) = /6.

12. The positive y-axis.
13. The circle |z| = 4.
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14. The region in the first quadrant bounded by the circles |z| = 1
and |z| =e.

15. The annulus 3 <|z| < 5.
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Lecture 15. Complex exponents

Letcbe a complex number. We define 2" a5 follows

LI lagi=) .
The right side is a set. This definition makes sense because, if both
z and c are real numbers with Z*# U it gives the familiar (real)

C
definition for Z , as the following example illustrates.

1is
Example. Evaluate ¥

4: = exp|— log4d
2

Solution. Calculating gives

1 . .
Elng-’-l = {InZ + Anm: n 15 aninteger}

1
Thus 2% is the set 18¥D (InZ + An) @ n is anitteger} The
distinct values occur when 1= 0and 1. e get 8Xp (In2]) =2 4pg
exp (In 2+ a7 =exp (InZ) exp (1) = -2 In other
1
words, 3% = {-2, &}
1
Remark. The expression 4¥ is different from ¥4 , as the former

represents the set {-2, 2} and the latter gives only one value,

Na-z

Because 199 (2] s multivalued, the function -4 will, in general,

c
be multivalued. If we want to focus on a single value for & , we
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can do so via the function defined for Z#U by
£ (z) = exp (c Log (2]

which is called the principal branch of the multivalued function

C

!
oo
|

|
!

Wik
wle
~|
e b

The mapping ¥ = (=)

Let us now consider the various possibilities that may arise in the

C
definition of 2 .

a

i
Case (i). Suppose © = E where k an integer. Then, if Z=t® ~#0

>

klogiz) ={kln(r) +31k (F+2nm : n isan integer}

Recalling that the complex exponential function has period 271
we have
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2 =t (cosk8 + i5inka)

which is the single-valued kth power of z .

1
cC= — ) ) is
Case (ii). If k wherekisanintegerand 2=t % ~#0 then

1 (B + 27n)

L o (2 {l 1n (¥]
— = 4 — +
. K K

I nois aninteger}

L B+Zna . B+2nm
z =rh (CDST + 113111—]

Hence for

n=01 .,k-1

When we again use the periodicity of the complex exponential

function, it gives k distinct values corresponding to

n=01 ..k-1 Therefore, as Example 5.6 illustrated, the

1
= th
fractional power Z¥ is the multivalued % root function.

Case (iii). If j and k are positive integers that have no common

1
factors and k | then becomes
Zkl = r% (cos ©rznm)d + i=in w‘]
8 k for
n=101 k-1

This is easy to establish. If & =1 e then



99

zk_j = exp[% log (z)l = e:-cp[]:l—log [Crceie)l

= expli— (lnr + :|'1(E-'+2n;t))]

= e:-:l:-’ln::k_fI + 17(8+2;1:r) L ]
= E:-:I:u[ln]:k_fI lexp[i@l
= rk_j [:cos (E}+2]:1;r) ] + 1 s5in (E.'+2}:1;r) ] J

and again there are k distinct values corresponding to
n=0,1, ., k-1

Case (iv). Suppose c is not a rational number, then there are

ie
infinitely many values for 2 ,provided & =1t B0
Analyticity:

In general, the principal value of a complex power z¢ defined by (6)
is not a continuous function on the complex plane because the
function Ln z is not continuous on the complex plane. However,
since the function e is continuous on the entire complex plane, and
since the function Ln z is continuous on the domain |z| > 0, -1 <
arg(z) < m, it follows that z¢ is continuous on the domain |z| > 0, —n
< arg(z) < m. Using polar coordinates r = |z| and 6 = arg(z) we have
found that the function defined by:

fl(z) = ec(loger+i6)’_n. <09 <1
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is a branch of the multiple-valued function f(z) = z¢ =
e“™Z This particular branch is called the principal branch of the
complex power z¢; its branch cut is the nonpositive real axis, and
z = 0 is a branch point.

The bri2 1 {2 \grees wit? 1e principal value z€ on the domain |z|
>0, —m < arg(z) < m. Consequently, the derivative of fl can

be found using the chain rule:
c
1’ — clnz _
1@ = etns-

Using the principal value z¢ = e we find that f‘1(z) = % =
cz®"1, That is, on the domain |z| > 0,—7 < arg(z) <m, the

principal value of the complex power z¢ is differentiable and

c
f(2) = % = ¢z,

Assignment:
Find the principal value of the given complex power.
L(-D% 2.3% 3.2% 4 5(1+v3)Y
6.(1 + )%

. 1 2
7. Prove that Re((1 + i)1°801+0) = 2318@) 75 cos (% log(Z)).
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Lecture 16. Trigonometric and
hyperbolic functions

The @ plexg ‘ne and cosine ful ions iy : defined by:
. iz _e—iz eiz +e—iz
sinz = ———— andcosz = —

Analogous to real trigonometric functions, we next define the

complex tangent, cotangent, secant, and cosecant functions using the

comp@ sine and cos? :
sinz z

tanz =——,cotz =cos—z,secz =1/coszand cscz =
CcoS Z sin

1/sin z

Most of the familiar identities for real trigonometric functions hold
for the complex trigonometric functions. We now list some of the
more useful of the trigonometric identities. Each of the results in is
identical to its real analogue.

el

sin (—z) = —si® , cos(—z) = cosz

costz +sinfz=1
sin (z1 + z2) = sinzl cos z2 + cos z1 sin z2

cos(z1 +22) = cos z1 cos z2 F sin z1 sin z2

Observe that double-a efo ulas:

sin2z = 2sinz cosz ,cos2z = cos®z—sin?®z
Now again
. a2 . _
- ezz_ e iz elZz_I_ e 22_2
sin?z = . =
21 —4

and
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5 eiz+ e—iz 2 ei22+ e—i22+2
coS™ Z = =
2 4

Adding we get sin® z + cos? z = 1.

A similar statement also holds for the complex cosine function. In
summar) e have:

sin(z + 2m) = sinz and cos(z + 2m) = cosz
Modulus:

If we replace the symbol z with the symbol x + iy in the expression
for sin z in (4), then we obtain:
sinz = -
2i
ei(xﬂ'y) _e—i(xﬂ'y)

2i

) e’ +e” . e’ —e”’
=sinx| ——— |+icosx| ———
2 2

e’ +e’ . e’ —e”
Since COShy = T,Slnhy = T then the above

equation can be written as sinz =sinxcosh y+icosxsinhz

A similar computation enables us to express the complex

cosine function in terms of its real and imaginary parts as:

cosz =cosxcosh y+isinxsinhz

To derive the modulus of sin z and cos z and use the identities
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: s 2 2 2 . 2
|sinz |= \/sm xcosh” y+cos” xsinh” z

= \/sin2 x(1+sinh® y)+cos” xsinh” z

= \/sin2 X +sinh? z
By using similar arguments | cos z |= v/cos” x +sinh” z .

The Mappingw = sinz
Describe the image of the region —t/2 < x < ©/2,—0 < y <
oo, under the complex mapping w = sinz.
One approach to this problem ist o determine the image of vertical
lines x = a with —1/2 < a < w/2 under w = s inz. Assume for the
moment thata = —mn/2, 0, or /2. From (16) the image of the vertical
line x = a under w = s inz is given by:

u = sinacoshy,v = cosasinhy,—oo <y < oo,
We will eliminate the variable y we obtain a single Cartesian
equation relating u and v. Since —w/2 < a < w/2 and a # 0, it
followsthat sin a # 0 and cosa # 0, and we obtain coshy =
u/sin a and sinh y = v/cos a. The identity cosh*y -sinh*y =

1 for real hyperbolic functions then gives the following equation:

(sil:za)z N (coia)z =1

The Cartesian equation in (23) is a hyperbola with vertices at

cos a

(£sin a,0) and slant asymptotes v = +(——)u. Because the point

sina
(a, 0) is on the line x = a, the point (sin a, 0) must be on the image of

the line. Therefore, the image of the vertical line x = a with —n/2 < a
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<m/2 and a_= 0 under w = s in z is the branch+ of the hyperbola that
contains the point (sin a, 0). Because sin(—z) = —sin z for all z, it also
follows that the image of the line x = —a is branch of the hyperbola
containing the point (—sin a, 0).

The image could also be found using horizontal line segments y = b,
—n/2 < x < m/2, instead of vertical lines. In this case, the images are
given by:

u = sinxcoshb,v = cosxsinhb,—n/2 < x <m/2.

When b # 0, this set is also given by the Cartesian

. u \? v \? 1
equation: (cosh b) + (sinh b) -

which is an ellipse with u-intercepts at (4 coshb,0) and v-

intercepts at

(0, £ sinh b). If b > 0, then the image of the line segment y = b is
the upper-half of the ellipse and the image of the line segment y =
—b is the bottom-half of the ellipse.

v W

mlY
E]

Complex hyperbolic functions

Similar arguments can be done for hyperbolic trigonometric

function.
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Assignment:

1. Explain the mapping of cos z.
2. Write the detail about hyperbolic functions. Follow the
same lines as been done for trigonometric function.

3. Find the image of the region defined by —n/2 <x <7/2,y >

1 1
0, under the mapping w = (sin z)%, where z# represents
the principal fourth root function.
4. Find the period of each of the following complex functions.

(a)cosh z (b)sinh z (¢) tanh z
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Lecture 17. Inverse trigonometric and
hyperbolic functions

The multiple-valued function sin—1 z defined by:

sinlz = —iln(iz + (1 - 22)%)
iscalled the inverse sine.
We will also call the inverse sine the arcsine and we will denote it
by arcsin z. It is clear that the inverse sine is multiple-valued since

it is defined in terms of the complex logarithm In z. It is also worth
1
repeating that the expression (1 - ZZ)Z represents the two square

roots of (1 — z2).
Example: Find all values of sin - 1v/5.

Solution: By setting z = /5 in we obtain:
1
o
sin"W5 = —iIn(i5 +(1-(V5)')) =
1
—i In(iv5 + (—4)?
1
The two square roots (—4)z of —4 are found to be +2i and so:
sin'V5 = —in(iV5 + 2i) = —i In(V5 + 2)i).
Because (V54 2)i is a pure imaginary number with positive
imaginary part
(both V5 + 2 and V5 — 2 are positive), we have
|(\/§i 2)i| =5+ 2and arg[(V5 + 2)i] = m/2. Thus, we

have

ln|(\/§ + 2)i| = log, (\/gi 2) + i(g+ 2nT)
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For n=0,+ 1,4+ 2,.... This expression can be simplified by

observing that

1
loge(\/g— 2) = loge(m) = logel - loge(\/§ + 2)
= 0— logeV/5 + 2)

and so loge(\5 + 2) = +loge(\/5 + 2) . Therefore,
—iln|(V5 + 2)i| = —i (loge(\/§ +2)+i (g + 2n7r)> =
-1 (i loge(V5 + 2) +i (g + ZnH))

And so sin"'V5=+ilog, (V5+ 2)+ (§+ 2nn) forn=
0,+1,+2, ...

Inverse Cosine and Inverse Tangent

The multiple-valued function cos-1z defined by:

cos'z = —iln[z + i(1- 22)%]
Is called the inverse cosine. The multiple-valued function tan-1z
defined
by:
+ z

- Z

i
tan -1z =<1
an-1z = n(i )

iscalled the inverse tangent.
Branches and Analyticity: The inverse sine and inverse cosine are
multiple-valued functions that can be made single-valued by

specifying a single value of the square root to use for the expression
1
(1 - 22)2 and a single value of the complex logarithm. The inverse
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tangent, on the other hand, can be made single-valued by just
specifying a single value of In z to use.

A branch of a multiple-valued inverse trigonometric function may
be obtained by choosing a branch of the square root function and a
branch of the complex logarithm. Determining the domain of a
branch defined in this manner can be quite involved. On the other
hand, the derivatives of branches of the multiple-valued inverse
trigonometric functions are easily found using implicit

differentiation.

Inverse Hyperbolic Sine, Cosine, and Tangent
The multiple-valued functions sinh—1 z, cosh—1 z, and tanh—1 z,

defined by:
1
sinh™'z = In(z + (1 + z2)2)
1
cosh™z = In[z + (-1+ z%)2

+ z
-z

tanh — 1 —11 !
an z—zn(1 )

are called the inverse hyperbolic sine, the inverse hyperbolic
cosine, and the inverse hyperbolic tangent, respectively.

Remarks

The multiple-valued function F(z) = sin—1 z can be visualized using
the Riemann surface constructed for sin z. In order to see the image
of a point z0 under the multiple-valued mapping w = sin — 1z,

we imagine that z0 is lying in the xy-plane. We then consider all
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points on the Riemann surface lying directly over z0. Each of these
points on the surface corresponds to a unique point in one of the
squares Sn.. Thus, this infinite set of points in the Riemann surface

represents the infinitely many images of z0 under w = sin—1 z.
Assignment:

Prove the following identities.
1

a) sin"[(1- z2)?] = cos™! (42)
b) sin"tz + cos™tz =% (4n + Dm,n = 0,+£1,£2,...
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Lecture 18. Complex integrals

Curves Revisited: Suppose the continuous real-valued functions

x = x(@),y = y@),a <t < b, are parametric equations of a
curve C in the complex plane. If we use these equations as the real
and imaginary parts in z = x + iy, we can describe the points z on
C by means of a complex-valued function of a real variable t called
a parametrization of C:

z(t) = x(t) + iy(t),a £t < b.

The point z(a) = x(a) + iy(a)or A = (x(a),y(a))is called
the initial point of C and 2z(b) = x(b) +iy(b)or B =
(x(b),y(b)) is its terminal point.

Contours: The notions of curves in the complex plane that are
smooth, piecewise smooth, simple, closed, and simple closed are
easily formulated in terms of the vector function (1). Suppose the
derivative of (1) is Z'(t) = x’(t) + iy'(t). We say a curve C in the
complex plane is smooth if z’(t) is continuous and never zero in the
interval a < t < b. In other words, a smooth curve has a
continuously turning tangent; put yet another way, a smooth curve
can have no sharp corners or cusps. A piecewise smooth curve C
has a continuously turning tangent, except possibly at the points
where the component smooth curves C1,Cz,...,Cn are joined
together. A curve C in the complex plane is said to be a simple if
z(t1) # z(t2) for t1 # t2, except possibly fort=aandt=b.Cisa

closed curve if z(a) = z(b). C is a simple closed curve if z(t1) #
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z(t2)for t1 # tz2and z(a) = z(b). In complex analysis, a piecewise
smooth curve C is called a contour or path.

Complex Integral: An integral of a function f of a complex

variable z that is defined on a contour C is denoted by | ¢ f(2)dz
and is called a complex integral. Its more common name is contour
integral.

Evaluation of a Contour Integral

If f is continuous on a smooth curve C given by the parameterization

2 = x + iy® a = t < b then] f(2dz =

b
I few)z@ ae.
Example: Evaluate fc zdz, where C is given by x =
3t,y = t2,-1 <t < 4.

1 . .
Example: Evaluate 955 - dz, where C is the circle x =

z

cost,y = sint,0 <t < 2m.
Theorem: A Bounding Theorem

If f is continuous on a smooth curve C and if |f(z)| <M for all z on

C, then | fc f(z)dz | < ML, where L is the length of C.

Example: Find an upper bound for the absolute value of

$

Z

dz where C is the Circle |z| = 4.
z+1
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Assignment:
1. Jo z+3)dzwhere Cisx =2t,y=t—11<t<3

2. J. QZ—2z)dzwhere Cisx = —t,y =t> +2,0<t <2

3. Jo (z%)dz where Cis z(t) = 3t + 2it,—2 < t <2

4. Jo 32% +22)dz where Cis z(t) =t + it>,0< t < 1

5. [, ©=dz where C is the right half of the circle |z/=1 from
z=—itoz=1

6. fc |z|2dzwhereCisx=tz,y=%,1StSZ

7. $. Re(z)dz where C is the circle [z[=1.

1 5 . . .
8. ﬁc ((z+—1)3 -t 8) dz where C is the circle |z+i]=1.
9. Jo (& +iy*)dz where C is the straight line from z=1 to
Z=1.

10. [, (x® —iy®)dz where C is the lower half of the circle

|z[=1 from z=-1 to z=1
Cauchy Goursat’s theorem and its applications

Simply and Multiply Connected Domains:

We say that a domain D is simply connected if every simple closed
contour C lying entirely in D can be shrunk to a point without
leaving D. A domain that is not simply connected is called a

multiply connected domain; that is, a multiply connected domain
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has “holes” in it. We call a domain with one “hole” doubly

connected, a domain with two “holes” triply connected, and so on.

Suppose that a function f is analytic in a simply connected domain

D and that f' is continuous in D. Then for every simple closed

contour C in D, ﬁ f(z)dz = 0.

Proof: The proof of this theorem is an immediate consequence of

Green’s theorem in the plane and the Cauchy-Riemann equations.

Cauchy-Goursat Theorem for Multiply Connected

Domains: If f is analytic in a multiply connected domain D with

contours C and C_1 then we have Sﬁc f(z)dz = QSC ) f(2) dz.

The last result is sometimes called the principle of deformation of
contours since we can think of the contour Ci as a continuous
deformation of the contour C. Under this deformation of contours,

the value of the integral does not change.

1
Example: Evaluate Sﬁc — dz , where C is the contour
zZ—1l
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Cauchy-Goursat Theorem for Multiply Connnected Domains

Suppose C,C1,...,Cn are simple closed curves with a positive
orientation such that C1,C2,..., Cn are interior to C but the regions
interior to each Ck,k = 1,2,...,n, have no points in common. If f
is analytic on each contour and at each point interior to C but

exterior to all the Ck,k = 1,2,...,n, then
$ f2dz =Y, gﬁck () dz.

Assignment:

In Problems 1-8, show that gﬁc f(z)dz = 0, where f is the given
function and C is the unit circle |z| = 1.
1.f(z) =22 — 1+ 3i2f(2) = zz+ﬁ

z-3
z2+2z+2

zZ

3.1(2) T 2z+3

5.f(@) =

z2 —25)(z%2 +9)

4.f(2) =

sinz
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6.f(2) =

222+ 11z + 15

z%-9

coshz

7.f(z) = tanz8.f(2) =
9. Evaluategﬁc f2dz,f(z) = i, where C is the contour shown in

Figure.

10. Evaluate$. f(2)dz,f(2) = Z+51+i, where C is the contour

shown in Figure.
In Problems 11-22, use any of the results in this section to evaluate
the given integral along the indicated closed contour(s). f(z) and

the contours are given.

1.z 43|zl = 2122 +=; |z =
z z

13 5 lz] = 3

A Iz + =1

1522 (@)lzl =5, (b)lzl = 2,(c)lz — 3il = 1
16. 2+3 ; (@lz] = 1,(b)|z — 2i] = 1,(0)|z| =
17% (@)|z — 5| = 2,(b)|z| =
18— ——; (@lz] = 5,(b)|z - 2i| =

z-1 . |
‘z(z - )(z - 3D’
T 17=1
21.Ln(z + 10); |z| =

3
2)3 (z-2)?

22

S L 7csczy |z — 2| ==
z-2
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8z-3 . . .
23. Evaluate % where C is the “figure-eight” contour shown in

Figure. [Hint: Express C as the union of two closed curves C1 and
C2.

i Fignre for Profdem (1

Fisure 5. 50 Pl ke Problam 23



Lecture 19. Cauchy integral formula
and their consequences

Cauchy’s Integral Formula
Suppose that f is analytic in a simply connected domain D and C is
any simple closed contour lying entirely within D. Then for any

point z0 within C,

Fa0) = ¢ L g

2mi ), z — 20
Proof Let D be a simply connected domain, C a simple closed
contour in D, and z0 an interior point of C. In addition, let C1 be a
circle centered at z0 with radius small enough so that C1 lies within
the interior of C. By the principle of deformation of contours,

f@) f@)
dz.=
2 jﬁc 1

c z— 20 z—zOdz'

We wish to show that the value of the integral on the right is
2mif(z0). To this end we add and subtract the constant f(z0) in the
numerator of the integrand,

f(2) dz:% f(ZO)—f(ZO)+f(Z)dZ
C1

c. Z — 20 z — z0
1

= f(z0) = ZOdz
1

z — z0

+3€ —f(20)+f(2)dz
C

1
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1
z—-2z0

Since we know that gﬁcl dz = 2mi

Since f is continuous at z0, we know that for any arbitrarily small ¢
> 0 there exists a & > 0 such that [f(z) — f(z0)| < € whenever |z — z0| <
0. In particular, if we choose the circle C1 to be |z — z0| =1

28 < §, then by the ML-inequality

§ ACORS (OMRSP
P z — z0

In other words, the absolute value of the integral can be made
arbitrarily small by taking the radius of the circle Cl to be
sufficiently small. This can happen only if the integral is 0.

f@)

Clz—z

0 dz = 2mi f(z0)

Differentiating the above equation with respect to z0 we get its
extension for higher derivatives

!
% A %dz = f™(z0).
Some Consequences of the Integral Formulas
Cauchy’s Inequality
Suppose that f is analytic in a simply connected domain D and C is a

circle defined by |z — z0| = r that lies entirely in D. If |f(z)| < M for
all points z on C, then |f™ (z0)| < r:—:’

Proof From the hypothesis,

f(@)

(Z — Zo)n+1

_f@| _ m]

R e

Thus from the ML-inequality, we have



119

R @)

IF* 0] = 2mi o (z — z0)n+1 dZ|
ol f(2) n! |M|
T 2mi o (z — z0)n*1 - yntl

Liouville’s Theorem
The only bounded entire functions are constants.
Morera’s Theorem

If f is continuous in a simply connected domain D and if

3€c f(z)dz =0

for every closed contour C in D, then fis analytic in D.

Assignment:
Evaluate the integral of the following functions along the

indicated closed contour(s).

4 5 2 5
l.Z—3i’ |Z| - (Z 3':)2, |Z|
z z
=zl = 4 41 171 = 1
z-mi z
2_ .
TR 2] = 3 6.cos——; |z| = 1.1
Z+ 21 3z-1
z? 0 g
s @z —il= 2, (b)lz + 2i| =1
z24+ 3z +2i 3
S (@lzl =2, (b)lz + 5| =3
2
2z = 3i|= 13 10.sin—>—; |z — 2i| = 2
z4—5iz-4 Z24 11
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2

e | = R
ll.m. lz —i|=1 12.(2”)4, |z] = 2
13.6052—:; lz| = 1 14.e‘zsin%; |z — 1] =

z z

2z+5 1

1525 @=L, ®lz+1l=2 ©I-

3= 2, (d)|z + 2i|=1

z 1
16— @lzl=3,®Iz + 1= 1()lz - 1| =

> @lz| =

Z+2

o @zl = 1,z — 1 —i|=1

18— (@lz| = L,(b)|z — 2| = 1
19 eziz 4 ;

' Z4- (Z _ 1)35 |Z|

z

20 cosh( s sin2 CPRrSEL lz| = 3
21 , 2| =5

z3(z — 1)? 1z |

1

2 sz — il ==
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Lecture 20. Taylor series representat-

ion and its applications

Definition (Taylor Series). If f(z) is analytic at z = a , then the
series

, (a)(z a)? k(a)(z a)k

f@+f@z-a)+ ff——+==%
is called the Taylor series for f(z) centered at z = a. When the

center is = 0, the series is called the Maclaurin series for f(z).

Theorem (Taylor's Theorem). Suppose f(z) is analytic in a

domain G, and that Dg(a) = {z: |z — a| < R} is any disk contained
in G. Then the Taylor series for f(z) converges to f(z) for all z in

k _ Nk
Di(a); thatis, f(z) =3 W forall z € Dg(a).

Furthermore, for any r,0 < r < R, the convergence is uniform on

the closed subdisk D,. (@) = {z: |z —a| < r}.

Corollary Suppose that f(z) is analytic in the domain G that
contains the point =%, Let =t be a non removable singular

point of minimum distance to the point Z=%_ [f | Zo-o| =

, then


http://mathworld.wolfram.com/TaylorSeries.html
http://mathworld.wolfram.com/TaylorsTheorem.html
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k _k
(i) the Taylor series Y, f@)(e—a)” converges to T (21 on all

k!

of Dr (@) (ii) if lz1-a]|=3>R the
k —_mk

series), W does not converges to T [21)

Example Show that (1_12)2 =Y(n+1)z" is valid for all z€
D, (0).
Solution: Let f(z2) = ﬁ then its nth derivative is
f*(2) =D e Taylor series of f(z) becomes f(z) =
(1_Z)TL+2 N y
! =Ynm+1)z".
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The disk D3(0) and its images under the finite sum w = Sg,w =
5

512, and w = 518'

Example: Show that for z € D;(0),
O =% 2" b =D
a-z? a+z?
Solution: The series can be found by replacing z by

z? and - z? respectively in previous example.
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The disk D s (0) and its image under the finite sum of 12, 16 and 20
10

terms.

Theorem: Let f(z) and g(z) have the power series

representations

£ (=] =Za,., (z-o)” for 2 el (@)
n=ll

>
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and

o (z) =Zh,-. (2 -o)" for 2 el (@)

n=l
If r=mwin{ry, r;} and 5 j5 any complex constant, then

BE (2] = Z,Ba,., (z-o)" for = eDy (@)

n=l
9

£(z)+7(z] = Z(a,.,+h,.,) (z-a)™ for z D, (a)
n=l , and

izl =giz) = Zu:,., (z-a)” for zeD;(a)
=t , where

T
Cn = Za]r. h:n-]-:
k=0 .

Identity is known as the Cauchy product of the series for f(z) and
().

Example 7.6. Use the Cauchy product of series to show that

1 -
- - (m+ 1y ="
(L -zt ; for EEDL (0]


http://www-groups.dcs.st-and.ac.uk/~history/Mathematicians/Cauchy.html
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£(z) = g(z) =

Solution. We let 1 -2, for 2eD100) we

have an =bn =1 for all n, and thus
= hiz) = £i2) g(z)

S
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Lecture 21. Laurant’s series
representation:

Definition 7.3 (Laurent Series). Let ¢, be a complex number
forn=0,+1,%£2,... The doubly infinite series ). c¢,(z—

a)™, called a Laurent series, is defined by

YenzZ-—a)" =Xcp(z-a) " +Xcp(z—a)" )

provided the series on the right-hand side of this equation converge.

Definition Given U =X < B e define the annulus centered

at “ with radii r and R by
Ao, r, ) ={z:rr=<|z-o| <« R}

The closed annulus centered at with radii r and R is denoted by

Afu,r,Rl={z:rz|z-u| =R}

k



http://mathworld.wolfram.com/LaurentSeries.html
http://www-groups.dcs.st-and.ac.uk/~history/Mathematicians/Laurent_Pierre.html
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i o (2 -a)”

Theorem Suppose that the Laurent series n=—=

converges on an annulus & (%, r, Rl ={z: r <|z-a]| < R}
. Then the series converges uniformly on any closed
subannulus 2 (%, 8, tl={z: s 2 |z-a| = t}

where £ =3=T= R

Theorem (Laurent's Theorem). Suppose 2=t =<FE_ and that
f(z) is analytic in the annulus
hA=bim,r,Rl={z:r=|z2-a| =R} [f P g any
number such that ¥ <8< B then for all Z0€& (0, £, Bl the

function value T [Z0) has the Laurent series representation
£(zg) = » cniz-m)" = Plenilz-a) ™+ Doz -a”
= n=l n=l

where for =10, L 2. ... the coefficients %-n 4 Cnare given

by

1 J £ (z]
C_n= - -
=T T I:l.;."'(':i) [z - II:I"""‘J-

and

1 £ (z)
Cp = J —_— =
Emh Jegtgm (2 - @)™l

Example . Find three different Laurent series representations for

3
. tE s e/ :
the function 2 + 2 - 2% involving powers of z.
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Solution. The function f(z) has singularities at £ = -1, 2 and is
analytic in the disk I's 1zl <1 jp the

annulus 2:1=<l2| 2 and in the region B: Izl =2
. We want to find a different Laurent series for f(z) in each of the
three domains D, A, and R. We start by writing f(z) in its partial

fraction form:

£ (z) 3 1 1 1 1
= = = + = + —
[L+2) (2-2) l+2 2-z l+z z

1
1-

r |1

We use Theorem 4.12 and Corollary 4.1 to obtain the following

representations for the terms on the right side

l -
= Z(—ljnzn validfor |z ] « 1,
l+= =
1 (-1 ,
oz - validfor |z ] =1,
n=l
1 1 = "
= = Z validfor |z | = 2,
z 1-2 <t gmel
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11 — _anl _
= = validfor |z | = 2.

1 - zn

r |

n=l

thus we have

=

£(z) = 2(-1)“z”+2 ;::l = i((—lj“+2%]z“

n=l n=l

valid for |21 =1 _ which is a Laurent series that reduces to a

Maclaurin series.

In the annulus &:l<lz]| <2 we get
D™ g
£(z) = % - + ; )
n=1 - valid

for 1=1&8] =&,

Finally, in the region B: 21 =2 e obtain
(-1 ki O -
£fiz) = - = -
zn zn zn
n=l n=l n=l

validfor 181 =2,
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Lecture 22. Singularities, zeros and
poles

Recall that the point Z = ®is called a singular point, or singularity

of the complex function f(z) if f is not analytic at = =% but

every neighborhood D'm (%) 0L @ contains at least one point at

which f(z) is analytic.

The point " is called a isolated singularity of the complex function

f(z) if fis not analytic at =% but there exists a real
number F=1U such that f(z) is analytic everywhere in the

+ £iz)=
punctured disk P () | The function 1 -2 has an

isolated singularity at =1,

Definition (Removable Singularity, Pole of order k, Essential

Singularity). Let f(z) have an isolated singularity at “ with

Laurent series expansion

£(z] = ch [z —a)™
Tz valid for ©E4& (u, 0, R)

Then we distinguish the following types of singularities at .
(i) If Sn=0fbrn=-1-2 -3, ... then we say that f(z) has

a removable singularity at = .



http://mathworld.wolfram.com/SingularPointFunction.html
http://mathworld.wolfram.com/SingularPointFunction.html
http://mathworld.wolfram.com/IsolatedSingularity.html
http://mathworld.wolfram.com/RemovableSingularity.html
http://mathworld.wolfram.com/Pole.html
http://mathworld.wolfram.com/EssentialSingularity.html
http://mathworld.wolfram.com/EssentialSingularity.html
http://mathworld.wolfram.com/RemovableSingularity.html
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(i) If k is a positive integer such that Sk #9 but
cp,=0 for n=-k-1, -k-2, -kKE-3, ... , then we say that f(z)

has a pole of order k at .

(iii)  If ©n # 0 for infinitely many negative integers n, then we say

that f(z) has an essential singularity at £ =%,

. sinz cosz—-1 . z €% s !
Discuss the examples 7 sin4,—, z* sm(;),

Theorem A function f(z) analytic in the punctured disk De™ (&) has

a pole of order k at Z = %if and only if it can be expressed in the

form

where the function h(z) is analytic at the point

=0 and h (o) £0


http://mathworld.wolfram.com/Pole.html
http://mathworld.wolfram.com/EssentialSingularity.html

Assignment:

In the following problems, determine the order of the poles

for the given function.

Lf&) =7
1+ 4i
3D =i e 1 o
5.f(z) = tanz
1 — coshz
7f@=—F—
1
%f(2) = 1+ e?
sinz
11.f(2) =

z2- z

133

2.f(z) = 5-

4 _ z-1
O = s D
cotmz

6.f(z) = 2
eZ
8.f(2) = )
z_q
10.f(2) ==
CoS Z — oS 2z
12.f(2) =

76
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Lecture 23. Residue theorem
We saw in the last section that if a complex function f has an

isolated singularity at a point z0, then f has a Laurent series

representation

[@) =) a

z0)¥
(z — z0)? +z—zO
+ a0 +a;(z —2z0) + = = -,

= « = « 4

which converges for all z near z0. More precisely, the
representation is valid in some deleted neighborhood of z0 or
punctured open disk 0 < |z — z0| < R. In this section our
entire focus will be on the coefficient a_; and its importance in

the evaluation of contour integrals.

. . 1. L
Residue The coefficient a_; of o 0 the Laurent series given

above is called the residue of the function f at the isolated
singularity z0. We shall use the notation a_; = Res(f(z),z0) to
denote the residue of f at z0.

Residue at a Simple Pole

If f has a simple pole at z = z0, then Res(f(z),z0) =
lim(z — 20)f(2) .

Residue at a Pole of Order n

If f has a pole of order n at z = z0, then

Res(f(z),2z0) = (2 - z0)"f(z) .

1)‘ z—)z dZn dzn—1
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Example: Residue at a Pole

The function f(z) = c

m has a simple pole at z = 3 and
apole oforder2atz = 1.

Cauchy’s Residue Theorem

Let D be a simply connected domain and C a simple closed
contour lying entirely within D. If a function f is analytic on and
within C, except at a finite number of isolated singular points

z1,z2,...,zn within C, then

5€ f(2)dz = Zni;Res (f (2), 7).

Assignment:

Find the residue at each pole of the given function.

1. f(2) =Ziz + 16

4z + 8
2.f(2) =;_1
_ 1
3.f(Z) T z4 4723222
1
41D =G
522 —4z+3
5.f(@ = z+1(z+2)(z+3)
2z-1
6.f(2)

“Z - D*z + 3)

z
7f(Z) = COSm

z

8.f(2) =

e?z-1
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9.f(z) = secz

10.f(z) =

zsinz

Use Cauchy’s residue theorem, where appropriate, to evaluate

the given integral along the indicated contours.

L 1z - D+ 2)?) (@lz] =1/2 (b)lz| =

3/2 (0)|z| = 3
z+1 B L L
Z-M (@)|z| =1(b)|z = 2i] = 1(c)|z — 2i] = 4
Z3 -1
35— @lel = 5B |z + il = 2(0) 1z - 3] = 1
—— @]z -2l = 1) |z — 2il = 3()lzl = 5

51/(z®> + 4z + 13),C:|z — 3i| = 3
Z3
6.———,C:i|z — 2| = 3/2

(z - ¥
z
7.24_ 1,C: lz]| = 2
z 2 2
8'(2 T D@ 1 1),C:16X +y- =4
ze”*
9.22_ 1,C: lz| = 2

Z

e
10—, Cz] =
OZ3+ZZZ'C Izl 3
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Lecture 24. Improper integrals of
rational functions

£ (z) - Pzl

Let 0 (2) where ¥ (%) and U (%) are polynomials, of

degree 1 and n respectively. If T (x) # 0 for all real X

and B = L+2  then the Cauchy Principal Value (or F+¥-) of

the integral is

P X F
P.v.ﬂu EE ax = zxijzziRes[E; zj].

P (z)

where 21s Zts «++s Zk are the poles of 9 (2]  that lie in the

upper half-plane,

W Eg-a

Remark. The residues at the poles in the lower-half plane are not

used in the computation.
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Example. Use the residue calculus to

1
r dl=
compute <= (X! + 1) (x% + 4)

B i
¢ |
| T 4
P o R T
33
~tdidmy
T
A portion of the area under the
1
tx = — t
curve (x* + 1) (x* +4)  over the interval [-#r =] |
Solution.
We write the integrand as
1 1

£(z) = -

(zf + 1) (2t + 4) (2+1) (2-1) (2+21) (2-21)


http://mathfaculty.fullerton.edu/mathews/c2003/ResidueCalcMod.html

We see that L [Z) has simple poles at the points Z =

n
[
|=|.

and 2 = * 21 and that the poles at %1 = L and Z:

, are the only singularities of £ (2] in the upper half-plane.

T -
o
» .
; >
Ly C :
4 n
1 ! L
I L i
N - - -

- i T .

]

The contour © = C=+ Le consisting of the semi-circle °® and the

interval le = ix: -R2x =R} The points 21 = L, Zz = 21

lie in the upper half-plane. Computing the residues, we obtain
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Pas|g, =] = Bas|Z, 1]

= Lin (z-3) E (=]
EETT)

Lim [z-10)
AL [E+n) cz-a) (¢ 230) [Z-22)

oY S ET mer EoEE

iy — L
=l (Zed) (EeZA) (Z-oZAD

1
CA4E) (AeEA) (A-F0)

1
(22 [aa) [-a)

Similarly,

Resm L, x3| = Exxa|z, 2a|

= }-‘-l:l. (5-8) (5

1
= 1D [(F-Ih —— —
(vl iB=-a] in+ 23] [z-32a)
1
m lio (x=ca)
sl (Z+3) (Z-1) [E+24) f2-24)
T S
&t [+l [(R-10 0%+ 1]

)
CERA) ER-L) (2AsiA

1
CIa) fay (1t
i

we conclude that



1 P 1
[eme= -l o=
» lim | - L - dx
[ F) [Eedjiz=1]) (E+2R) fz~3 27
- :v:‘l"resr_. 5l
@ a
= 2Anthealg; 2] = Pealf; zg0l
ZmaiRes[E, %] « Bea[g, 2a])
- :'r:|_|:_ B %|
::u|:-:_’;|
=
1
o
Example. Use the residue calculus to compute = -+ [%* + 4]
et - 4
r Ly
_’ timy
| Ty, \' ]
CET— ™ o \
Eidy ¥
1
£ (%] = -
: g
A portion of the area under the curve (x*+4) over

the interval L-= =]

141


http://mathfaculty.fullerton.edu/mathews/c2003/ResidueCalcMod.html
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Solution.
1 1
. £ (z) = - : _
The integrand (zf+ 4)? (z+21)* (z-21)% hag
poles of order ¥ at the points 2 = * 21

and the polesa Z = 21 js the only singularity of £ (2] in the
upper half-plane.

The contour © = Cr+ Lr consisting of the semi-circle “% and the
interval e = {X: -R2X 2R}  The point Z1 = 21 Jjes in the

upper half-plane. Computing the residue at 21 = 21 we get
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Bes[f, =1] = Res[f, 2 1]

3

oy &2 z-211°f (=
—!HiiE(E— ] [z

di

zaii dgd

1

(z+211% (2-22)¢

[(z-zz'l)*

ra| =

l_di[ 1 ]
= lim — | —4————

Z asti dat L (ze21)?
1 d[ -3 ]
= —lim — |——
2 =ati dz (z+ 214

1 [ 1z ]
= lim | ———
zaiil (Z+ 21405

e |

|

[ ]
[ ]

1z
B [10241J

|

o |

2 §

5l

we conclude that



N

(x4 472

1
limf d=
By (z+Z0)*(2-27)%

r
Srres[ 2 =)

Zma Rez| —, 24
= 0

c2miBes[£, 21]

ZmiRes[f, 2 1]

144
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Lecture 25. Improper integrals
involving trigonometric functions

Assume that P (%] and T (%) are polynomials with real

coefficients, of degree L & B regpectively, where e I+ 1

and U () £ 0 for all real X,
P .
£ (z) - [z) REE
If 0 (z) , where ® is a  real number

satisfying %= 0,

P (=)
P.‘if.r caos (o) d= Ee
e ()

k
zxnz Res [, zj]]

j=1

>

Py
P.‘if.r sin (ox) d= Im

k
2)1':'12 Res[f, zj]]

2 [x) a1
where Z1s Z&s -+ Zx are the poles of £ (2] that lie in the
upper half-plane.

L P - i

[ X o

) *» & ‘
LY
= y
o veh
1 |
n
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PIE) jus

£z = e’
The poles Zir Zi¢ ---+ Zk of 0 (z) in the

upper half-plane.

Remark 1. The residues at the poles in the lower-half plane are not

used in the computation.

¥ cos (X))
F.W. ri— A
Example. Evaluate - X+d

¥ 5in (%)
PV r— dlx
and e XEs d

|

_7 -anm Y -n v n o W E

£ (x) = ® oo (X

A portion of xt+4 | overtheinterval (-%r )
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\/Ax e x QUA

-
10
£ ) = ¥ 2in (x)
A portion of ¥ +4 | overtheinterval [-=s =]
Solution. The function £ (2] in Equation (8-12)
= [Ei = = I:Ei =
£tz = = . ,
is zt o+ 4 (2+21) (2-21)  which has a

simple pole at the pole at 21 = 21 i the upper half-plane.

R =

2ady TL

-31
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Here the denominator of £ [Z) has a factor of the form (- E1)

, and we can to calculate

Fes[f, 21] = lim (z-=2;) £ ()
T3 E]
In this example, the limit can be calculated as follows:
Res[£, z;] = Res[f, 21]

= lim (= -=z;) £ (=)
zhm

= lim (z-21) £ (2)

e
Z(Eis
= lim (2-21) —ee—
s5ti (z+21) (z-21)

_ spiT
= lim ———
==l [Z+21)
s ipiti
[(21+2d)
zie™

431

¥ co3 (X))
P.V. ri— Ax
For - Xied use Equation (8-13) and get



® cos (¥)
P.V.r—d]x
e Wisd

P.V. r
For -

¥ 3in (=)

xb e d

>
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1l
Re |27 > Res[f, 23]
3

Re (ZmiRes[£, z1])
Fe (2xiRes[f, 21])
1
Re [27d—]

2 et

Re (:‘11]

and get
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. 1
X 31ln (X
P.v.rﬁm = Im 2;-r:1§ Res([f, zi]

x4 d =
= Im (2w iRes[f, z1])

= Im (ZmdaRes[f, 214])

Therefore,

¥ cos (X))
P.v.r—cﬂx = 0
e Xy d

¥ 3in (2] Bl
P.‘.F.Jm}—'ﬂll'C = —
and - xi+d BE
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cos (¥

F.V. r
Example. Evaluate - X+ d

-zn N am
Solution. The function £ (2] in Equation (8-12)
is
I:Eis I:Eis
f (Z:I = =
ztsd f2+l+d) (2+1-1) (2-L1l+2) (z-1-1)

b

which  has simple poles at the points 21 = - 1l+1

and Z: = 1+1 in the upper half-plane.
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Here the denominator of £ (2] has a factor of the form [Z- Zx)
, and we can apply Theorem

Bes[£, =] =

to calculate
lim (z -z ) £ (=)
=3y

, for k=1,2

In this example, the limits can be calculated with the assistance of
L'Hopital's rule:
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Res[f, -1+14] = lim (z+1-1) £ (=)
ma-141

(z+1-1)eis=

salil (Z4l+0) (24l-d) (2-1+1) (2-1-14)

_ fz+1-1)el® ]
= lim ———— - = = ' "
ma-1+i zt4d u]

(lyel® + (z+1-2)del®

= lim
m-141 453
_ (ledi(z+l-d))els
= lim
m-141 4z

(L+d(-l+n+l—nyyeli-l+d
47-1+1)t

(1) E“l'i'

4(-1+1)?

Similarly,
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Fes[f, L+1] = lim (z-1-1) £ (2)
mal4l

_ (z-1-1)el=
= lim
saled (Z+1l+3) (2+1-1) (2-1+4) (z-1-1)

. (z-1l-1ei= 0
= lim ——M -
z-l4i zti 4 1]

v (Lyel® s (z-1-1) aels
= 1
mal4i 452

 (l+iiz-l-d)yel=®
= lim
ol 4 g?

(Ledled-1-g)) el
FTESE

(11 EE—~l+i
471 +1)?

EE_J""i

-G+81

(-1-1) e+
16

Using Equation, we get
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&
co3 [X
P.V.r G g% - Re ZJT:I'J.Z Res[f, z3]

wti g =2
= RBe(z2mi (Res[£, =1] +Bes[£, 2:]1))

= Be (i (Res[f, -1+1] +Res[£, 1+1]) ]

. ~ 1 i
i Re(zjuu__l_]:s] —ll+(_1s_;] )
. [Ei+[l:_'_i [Ei_u:_-'i
= Fe|Zmd _E[ - + — ] ]

= Re |:2;'r:|'1. [-B—IE fcos (1) +sin (1))] ]

= Te ( il (cos (1) +3in (1)) ]
GE

M (cos (1) +3in (1))
4E

Lemma (Jordan's Lemma). Assume that ¥ (%) and 0 (%) are
polynomials ~ with real coefficients, of degree L and n
, respectively, where =L+l and that ® is a real number
satisfying ®* . If Cr is the upper semi-circle Z = Re'®

for 0 =627 then

Pz ;
limJ Lm”“cﬂz = 0
L

R o D [:zj
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Cr

-R L]

i,
The upper semi circle Cr = {z =Re": 0 =6 < ;'1.'}

in Jordan's

Theorem Contour Integration for Improper Trigonometric

Integrals). Assume that F (%) and ¥ (%) are polynomials with

real coefficients, of degree & W 1 regpectively, where 1 1+ 1

and T ) £ 0 for all real *.

P .
£(z) = [zl RLE
If 0 (z) , where ® is a  real
satisfying ** 0, then

P (x)

P.‘F.r
[

B

I3
P.V.r
.1

k
2,-r:'lz Res[f, z;]
j=1

cos (ox) dx Re

] i

(=)

(x)

(x)

sin (mx)dx = Im

k
271y Res[E, zj]] -
j=1

number

K
_2;1—2 In (Res[f, =4])
=

k
27" Be (Res[£, ;)
32
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where Z1s Zis --+s Zx are the poles of T (ZJ that lie in the

upper half-plane, and P2 (Re3[f, 2311 apq Im (Re3[f, z3])

are the real and imaginary parts of F&3[Es Z3]

st |
Cp
Z3
Zx-1
Zz
Zk Z1
Ly
- - -
-E o E
Pz i
(2) _ias
The poles Z1s Zgr «+-7 Zx of U (2] that lie in the

upper half-plane.

Remark. The residues at the poles in the lower-half plane are not

used in the computation.
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Intended contour integrals

P (z)

£(z) =
Assume that U (2] where Pz)andQ (2] gre
polynomials  with real coefficients of degree 1 and n

, respectively, and

points Tir Tis

P.?.r P ) dlx

QX
where Elr Eis

b

upper half-plane.

«r 5L on

nem+2 [f U(Z) has simple zeros at the

the then

. P L P
anjZ{Res’E,zj] + JrJljZI_LRes’E,tj]

X _axis,

-+ Zx are the poles of T (Z) that lie in the
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The poles *ir Tes +-+s TL of T (Z) that lic on the X-axis,
and the poles &1r Zis «+-r Zk that lic in the upper half-plane

above the semicircles Fir Cis ---7 Lo,

Theorem (Indented Trigonometric Integrals). Assume that
Pz)andQ (2] gre polynomials with real coefficients of

degree L @ n  regpectively, where =L+ land that 9 (2)

has simple zeros at the points - Tis -+-r L on the ¥-
I:Eil:(z F(z
femy - B
axis. If @is a positive real number, and if 0 (z)

then we can compute the Cauchy Principal Value (P.V.) of the

following integrals

+ Re

L
Jr]lZRes[f, t;]
321

k
2;r:121:1es[f, z3]
j=1

Poix)
P.V.r cos (@x)dx = Re

0]

b

Px) o,
P.'\F.r gin (ex)dx = Im
e 1 (]

k L
2)1':'1.2Res[f, zj]] + In [;r:ﬂ.ZRes[f, tj]]

i=1 i=1

where Z1s Zis « s Zk gre the poles of T (2] that lie in the upper

half plane.

Remark 1. The residues at the poles in the lower half-plane are not

used in the computation.
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Remark 2. If you prefer, you can use the alternative way to write

formulas

P () X L
P.‘if.r - o8 (ax) dx = -2 > In (Res[f, &3]) - x> In (Rea[f, t;])

® = 3=l

b

Px] k L
P.‘I.r o sin (ax)dx = 2 ZRE (Res[£f, z41) + o ZRE (Res[£, t5])

0x 3=l j=1

Remark 3. The formulas in these theorems use the Cauchy principal
value of the integral, which pays special attention to the manner in

which any limits are taken. we add one-half of the value of each

residue at the points T1r Tir «+:s Er onthe ¥ -axis.

x
dx

P.V. r—
Example 8.20. Evaluate - X'-8 by using the

residue calculus.

Solution. The integrand


http://mathfaculty.fullerton.edu/mathews/c2003/ResidueCalcMod.html
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P (z)
0zl

£(z) =

z? - §

2

(2-2)1 (Ef+ 22+ 4)

2

(2-2) [z+1+a43) [2+1-14/3)

has simple poles at the point ®L = Zon the *-axis, and at

21 = -1+iv3 in the upper half-plane. Here the denominator

of T (Z) has factors of the form [(Z-T1)  and (E-Z1) and

we can

Fes[f, t1] = lim (z-t;) £ ()
5—:t-_-|_

and

Bes[f, z;] = lim (z-=z;) £ (=]
R

In this example, the limits can be calculated as follows:
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Res[£, 2] lim (z -2) £ (2)

=t

=
= lim (=z-2)
L= (2-21 (2t + 22+
=
= lim

g3 (2i4+ZE+4)

2
(284 2.2 +4)

2
(d+4+4)

1
T8
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Res[f, -1+1+3] = lim _ (z+1-1+v3)£(z)
5—)-14-1,\‘1'?

= lin_ {z+1-1+3) 2
sanleiaf 3 (g-2) [g+l+ay3) (+l-1+3)

Z

lim - -
saliiafz (2-2) (2414243

1+an3
(-l+aw3 -2) (F14ia3 +1+443)

. S Y
C (-3+247) (224F)

)

-

[-l+aw3) (-6+6243)
[-6-6443) (-6+814/3)

_lz-1za43
144

—l-d+3

1z

x
dx

P.V. r _
Using Theorem (Indented Integrals), - ®'-8 is

computed with


file:///C:/Documents%20and%20Settings/Home/Desktop/complex%20book/Indented%20Contour%20Integrals_files/Indented%20Contour%20Integrals.html

F.

Example. Evaluate

algebra system.

164

ExiRes[%, zl] + xiRes[%, tl]

(-1-1+43 .1
EE‘TJ].[T +J1:1|ZEI|
f-l- 143 1
na [ ]+M(_]

(-3

M[_ﬁ ]
N3
T;'r

t
[ a
- L¥-8 by using a computer
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ey
EEY
n_g
=R =10 10 E
-0.z
iy
FINEY

) L 1 1 I

-q -2 -z -1 2 3
-1
-z

. TH
Solution. Computer algebra systems such as Mathematica™ o

wn

T
Wlaple™ give the indefinite integral

Arctan [i] .
t 3 Lo -2 Lo t 2T+ 4
j e - . a0 b gt +2t+d) .

tro g 243 g 12
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For real numbers, we must write the second term as
Log[(t-2)"]

12 and use the equivalent formula:

Arctan | &
2 Log[it-2)7%] Log (2 426+ 4)
grc) = + _
243 12 1z
Arctan | 4
_ [‘w"_g] Log[ (t-2)¢] Log[(t+ 217
) DE i 1z ) 1z

1 (t-2z1°
_— Lo [—]
243 1z (t+ 2]t

This antiderivative has the property that *=? as

shown in Figure. We also compute
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Arctan | L
. . =) e
lim g(t) = lim | —4m8 ———  + — Log” ]]
e e zﬁ L+
A e
roctan “‘G] 4 .
= lin + lim — Lng[(l- ] ]
Se 243 e vz
Z 1
= i . Lag[(l-m¥)
243 1z
L E
Tz

2 t i
11 £y = 1i — L
Hpe® - e ———r— « o log (7] ]
Arcran |
S a4 .t
- lip — M7 +1im—Lng[1- ]]
£y e zﬁ e 12 CL+2
_n
= z +iLog[(1-njg]
23 12
w3
) 1z

The Cauchy principal limitat ©=2 as =0 jg



168

ot ArcTan =X o
L -
" et ok "

AEroTan :l,’f L
2

lin (gi2d+r)-g(2-r)) = lin + _ _
e

e 23 12 243 12

ArcTan 2T AreTan 2=2
k3

i
el o L pog A7)

)
e e 243 1z (4+x)?
ArcTan —— ArcTan ——
2 WE 1
= - + — Log (1)
243 243 1z
=0

Therefore the Cauchy principal value of the improper integral

is
t ) tr T
P.V.F—dlt = lim [I At + J'“ dlt.]
- E*_§ st P oa 4r BF -8

= lim g (L) - lim (g(2+r) -g(2-£)1) - lim g (L)
e ERY e

a3 o )
T 1z
a3
T8

cas (¥) 1 1 .
P.?.Jm dx = _;-r[__ - zsm(l)]
o (X-1) (xt + 4) 10 et



169

Cr
ZAfpZ)
i
A
-F -z -1 a 1 Z E
-1
—zigEs
1
L
= |
L1
Y
3 -a T, - ir
~d
L ".'I
Bl
-1

2in (¥ 1 1
P.V.r dx = —;-r(-— + CO3 (1)]
e (M- 17 (®E o4+ ) 5 el )
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Cr
ZRARE)
i
=51
-k H -1 L] 1 2 R
-1
B3 ¥ Y-
1
1
%
—Em - Eu zm
1
3
-1
Solution. The integrand
IE1 = IE]' =

£ (z) = -
(Z-1) (=t + 4)  (2-1) (2+21) (2-21) pag

simple poles at the point "1 = 1 on the ¥-axis, and at the

point Z1 = 21 in the upper half-plane. Here the denominator

of T (2] has factors of the form (Z-T%1) and (E-Z1)  and

we can calculate
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Res[f, t1]

lim (2 -1 £ (=)
! , and

Res[f, =z1]

lim (2 -2;1 £ (2]
LR

In this example, the limits can be calculated as follows:

Rez[f, 1] = ].BZI;E {z -1 f (=)
[Eiz
= lim (2-1)
=l (z -1 (zf + 4)
I:Eis
= lim

sl (zi 4+ 4)

(1 4+ 4

cos (11 + @Lsin (1)
5

and
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Res[f, 24] = lim (z-24) £ (z)
b 1
I:Eis
= lim (z-2 1)
asti (z-1) (2+24) (z-21)
EEis
= lin —m—
zaii (2-1) (Z+21)
pl(id
T Zi L (2ieza
—_ E_i
T (-8-41)
. e (-8 +41)
T (-8-41) (-5+41)
- 5+ 41
T goet
-2+ 1
T zoet
Using Theorem (Indented Trig. Integrals),

cos (¥
P.V.r dlx
e [H - 1) [®E + 4)

is computed


file:///C:/Documents%20and%20Settings/Home/Desktop/complex%20book/Indented%20Contour%20Integrals_files/Indented%20Contour%20Integrals.html
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s x) L
1.'1.J"7 dr = Be zxizuesj:',. z)
= (m-1) (e g :

= i .

1

s Be [xiERes[E,ql]
=

= Pe(2ailes[f, m]) + Beiwiles[E )]

= Be[2xifes|f, 24[) = Berikes[t, 1])

-2+1y yoocE(l) + iain(l)
| + PelAd ——04—4——————
20 ¢ ' 3

3 |:zn'

Re|:2}ri [ﬁ -iL]' -He[xii%cnail] +%ism ['_]:i

et
1
k|| rBe[Caml s (1)
e 10e!
= E}r[-ﬁ ki | — gin | |]
) x xsim (L
TR
- lx [— l - Zeinl)|
] et
Using Theorem (Indented Trig. Integrals),

2in (¥)
P.V.r
e [H - 1) [®E + 4)

is computed.


file:///C:/Documents%20and%20Settings/Home/Desktop/complex%20book/Indented%20Contour%20Integrals_files/Indented%20Contour%20Integrals.html
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f in (x) 4 .%.
BV, —— iy = Im 273 > Res|f, z4]| + Im

i
x1 > Hesm[f, by]
dw fm-1) ikt + 4 - e

3

= Im(2maRes|t; z1]) &« ImimaBesif, i)

= I (Zrabkes|f, 22]) + Im(maRss|f, L})

ooz (1Y o« a=in (Lly

s Inf2ma : ]

_J.:: & 1|||"r1
Ae L

3 J.nl.."rn"-; -:|.—|'||-IJ|:'r:|'ic:-: uai:.smu ]|
V ipet zoet Vs 5

' 1 ;oL 1 \
2w In|- “le——| + xIn -— mim (L) +'= Loes (1]
paal o 1oet L § 3
Lo -l a
-||:]i]’|.= * ".'!_"""'“'-1 |

n =ooE (1)
+

Final Remarks.

Lemma. Assume that £ (Z) has a simple pole at the point To

on the *-axis. If the contour is the upper semi-

C; = {z:t.;+rueia: 0=z=g 5?1'}

circle , then
liI% Jf (zidz = ZxBes[f, &,;]
= i
P
£ (z) = (z]
Theorem (Indented Integrals). Assume that 0 (z)

where F (2} and Q (2] gpe polynomials with real coefficients of
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degree L @l n  regpectively, and BeL+2 f U(Z) phag

simple zeros at the points ®Ls T+ «+«s TL onthe ¥ -axis, then

P.H.EZEE dx = ijgRes[%,zj] N xigRES’%;tj]

b

where Z1s Zis --+s Zx are the poles of T [Z) that lie in the
upper half-plane.
B
2z Co
Zx-1
=43

Zx 21
-R 1 e fL-1 L E
The poles Tir Tis +-+s TL of L (Z) that lie on the X-axis,

and the poles &1r Zir «+=«r Zk that lie in the upper half-plane

above the semicircles Fir Cis ---7 Lo,
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Theorem (Indented Trigonometric Integrals). Assume that
P(z)andQ (2) gre  polynomials with real coefficients of

degree I amd n regpectively, where Tzm+land that @ (2)

has simple zeros at the points "1+ T2+ ---+ TL on the *-axis. If
l:Eil:iiz Pz
frzy -t PG
Yis a positive real number, and if 00z} | then we

can compute the Cauchy Principal Value (P.V.) of the following

integrals
F (%) . e
P.‘F.r cos (kx)dx = Re ZPTILZRES[f, Z3] | + Re ?T]].ZRES[E; ty]
- 0 (%) Ep) sy

E)

P.V.K; E: sin (w1 dx = Im

k L
2m‘12Res[f, zj]] + In [;r:ﬂ.ZRes[f, tj]]

j=1 j=1
where Z1r Zis «+«r Zk are the poles of £ (2] that lie in the upper

half plane.

Remark 1. The residues at the poles in the lower half-plane are not

used in the computation.

Remark 2. If you prefer, you can use the alternative way to write

formulas

k L
V'J_:z Ei; cos (ax) dx = —ZXjZiIm (Res[f, z31) - ;rZIm (Res (£, t3])

=1
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h L
P.'\F.r P& i fmxidx = Z ZRE (Res[f, 23] + 7 ZRE (Res[£, £31)
e 0 0X) =L 31

Remark 3.The formulas in these theorems give the Cauchy
principal value of the integral, which pays special attention to the

manner in which any limits are taken. .
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Lecture 27. Integrands with Branch
Points

We now show how to evaluate certain improper real integrals
=P (x)
involving the integrand @ (%) | Since the complex
. oo . .
function & is multivalued, so we must first specify the branch to

be used.

Let “be a real number with U< %=1 1In this section we use the
o
branch of Z corresponding to the branch of the logarithm

Lloga (2] a5 follows:

o IEII(logu(sjj . [Eti(ln|5|+11rg[|zj . Eu(lnnlﬁ) .

z r’ (cosaf + 1zinad)

b

ig . .
where Z=Lt®" apd U<B =27 Note that this is not the

traditional principal branch of 2" and that, as defined, the function

o _ ig,
Z” is analytic in the domain {z=re:rs0 0<8<21}

Theorem. Let P(x) and Q(x) be polynomials of degree m and n,

respectively, where Rz L+2 [f Q(x) 0 for x> 0 ang Q)

has a zero of order at most 1 at the origin, and
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A N
f(zj:J,WhﬁreD <o« 1
Q=) , then
=TP Zmdi
P.V.J’“J dx = ZRES[E z4]
] IJ (xj El':(i.:"[
P(z)
where Z1- Zt: + -+ Zk  gre the non-zero poles of 9 (Z)
|“I
A
¢
43
g
22 | A DL r :
"R =7 R T'-F" X
<p_-9
ok
fk=1
Y
The contour C that encloses the nonzero poles 21 Ei; «+=; Ek
P (z)
of ] I:Z:I

xl:(

P.V. r— dlx
Example. Evaluate 0 X (x+ 1) , where U=&<1l,



180

xl:(

frz) = —
Solution. The function ¥ (¥ + 1) has a nonzero pole

at the point 21 =-1 and the denominator has a zero of order at
most 1 (in fact, exactly 1) at the origin. Calculating the residue we

get

Res[£, -1]

ln (z+1) £ (2)

[x3
.
= Bll—\lm (z + l:l

® (x o+ 1)
= lim l SN
Coshlox -1

I L
-1 -1
Eiun
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Using Theorem 8.7, we have

o 2L
Res[£f, z;]

X
P.V.ri dx = .
o X (x o+ 1 1 - plaem

2ma
= - Res[E, -1]
1 - plomzm
2

2mi gt
-1 B plom _p-iom

N 1 - piaim

Ly
el oM _p-docm
ii

- sino
ln= mLog[a
P.V. r ax - ~reslal
Example. Evaluate o xt o+ oal Za

, where @=10,
¥
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log = (2]

. . Efz) = —*
Solution. We use the function zf +a' | Recall
that

log = (2] = ln|z| + darg m (2] = lnr + 18
I I
T 3
i@ -— a8 —
where & = L®  and 2 2 . The path C of

integration will consist of the segments [-F. —tland [£, Bl of the

; ie
X axis together with the upper semicircles Cr* Z = LE
is i
and Cr: 2 = Re'" for 02827 395hown in Figure 8.8.
|‘l
A
Cg
C
i
=
- — X
R - | 1 R
log = (2)
. £ I T
The contour C for the integrand (e zt +at . We chose the

log = (2] L . o
branch i because it is analytic on C and its interior,
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hence so is the function f(z) which has a simple pole in the upper

half-plane

Rea[f, ;1]

at the point Zy=al,
Fes[£, ad]
lim (z-ad) £ (2]
=—al
log » (2]
lim (z-ad) :
zai [(Z+ad) (z-ad)
log = (=)
lim —2
z=al (2 +ad)
log = [ad) log = [ad)
£ £
fat+adn) Zad
Ilna + Larg n (ai) Ina + 12
B &
Zad B Zai

lna T
b —_
2al da

This choice enables us to apply the residue theorem properly, and

we get
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g’)f[zj dz = 2mABes[f, 2] = 2mARes[f, ad]
r
oy lna Y
= EJTJL( +—]
Zad da

Keeping in mind the branch of logarithm that we're using, we then

J_rf () dx + (]5 fz1dz + JRf () dx +(JS fz1dz
-k - T 5]

-r In| ¥ | + 4 B Inx
=J —dlx+qs f[z)dlz+J dl:-:+95f(zjdlz
_r. r xtosal (3

B x4+ oal

have

(JSE (21 dz
r

i

mlna ox
= +1—
a Za
I
If B =T then by ML inequality

ife “das

J’JT InE + 17
| Rigite 4 gl

|qS fiz1dz
5]

Ei{lnRE + m =
Bt _ gt

lilg,. (O £ (z)dz = 0
] . A similar

lim, 95 fizid=z =10
that r .

r

and L'Hoépital's rule yields

computation shows
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We use these results when we take limits Equations to get

Voln x| + 4 lnx X -t ln| X +4dm E Ilnx
P.Y. [J 7d1x+r—dlx) - 11m[J 7mx+J "
e xf 4 al o o®i o+ al B O F x% 4+ al r ®x% o+ at
50
= qSE(szlz
T
i
mlna hy
- a Za

Equating the real parts in this equation gives

fln|x| +1x nx mlna
—_—dx+ dlx] z —
FIPEE G x4 al

Mo Iny Inx mlna
dx + dlx] z
Jooat gt g oxby gl

Inx mlna
P.Ff.'r dx =
b4 gl la

LY.

—_—

LY.

—

dli
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Assignments:

Evaluation of Real Trigonometric Integrals

2 2z
LI S N
o 1+0.5sin(0) v 10—6cos(0)

2 2
j _cos0) g j S S ———do
3+sm(¢9) 1+3cos”(0)

5= Jiveno
02— cos(6’) o 1+ s1n(t9)

2

f _sin’(0) T cos (49)
0 5+4cos(t9) 0 3—sm(6’)

Evaluation of Real Improper Integrals
¢ 1
x, j ——————dx
xP=2x+2 ' X" —6x+25

]
(x +4) (x +1)

0

I+
I

X
I(x +1)° I(x +4)d’

Evaluate the Cauchy principal value of the given improper
integral.
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]9 COS X T cos2x

X X,
i (x2+1) c (x2+1)
szinx . ]3 COS X
ENEaE)) C(xFF+4)
T cos3x K sin x
I 2 1\ J. 2 X
0(x +1) c (x"+4x+5)

0

T cos2x xsinx
I T X, I o X
(x*+1) o (x7+1)

b

0



188

RIEVIEW EXECISE 1

Check which statement are true and which are false.

Re(z1z;) = Re(z;) Re(z;)
Im(4 + 7i)="7i

lz -1 =]z -1

If Im(z) > 0, then Re(1/z) > 0.
i <10i

Ifz+0,thenArg(z +z ) = 0.
Ix +iy| < x| + |y
arg(z) = arg(1/z)

If z= —z, then z is pure imaginary.

2 PN S Rkw =

10. arg(=2 + 10i) = w — tan —1(5) + 2nm for n
an integer.

11. If z is a root of a polynomial equation anzn + an —
lzn—1+ - - - + alz+ a0 = 0, then z is also a
root.

12. For any nonzero complex number z, there are an
infinite number of values for arg(z).

13. If |z — 2| <2, then | Arg(2) | < /2.

14. The set S of complex numbers z = x + iy whose real
and imaginary parts are related by y = sin x is a bounded set.
15. The set S of complex numbers z satisfying |z| < lor | z

—3i| <1is a domain.
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16. Consider a set of S of complex numbers. If the set 4
of all real parts of the numbers in S is bounded and the set B
of all imaginary parts of the numbers in S is bounded, then
necessarily the set S is bounded.

17. The sector defined by —m/6 < arg(z) < m/6 is

neither open or nor closed.

3
18. For z # 0, there are exactly five values of zs =

()

19. A boundary point of a set S is a point in S.

20. The complex plane with the real and imaginary axes
deleted has no boundary points.

21.  Im(e'?) = sin®.

22, The equation zn = 1, n a positive integer, will have
only real solutions for n =1 and n = 2.

In Problems 23-50, try to fill in the blanks without referring
back to the text.

2ot +2_2;,thena= ————————— and b =--

23. Ifa +ib = .
2+3i  1-5

24. Ifz = i - then |z| =---m-m-mnm- .
-3 -4

25. If |z| = Re(z2), then z is --------- )
26.  Ifz=3+4i, then Re(Z)=----------m-

27. The principal argument of z=—1 — i i§ -------------- )
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28. If z is a point in the second quadrant, then i z is in
the quadrant.

29. i'27 — 5% + 2i — 1 =v :

30. Of the three points z1 = 2.5 + 1.9i,z2 = 1.5 —
2.9i, and z3 = —2.4 + 2.2i, is the farthest from the origin.
31. If 3iz — 2z = 6, then z = ————--meemmmmm- .

32. If2x — 3yi + 9 = —x + 2yi + 5i, then z = ----
33. If z=5—3 + i, then Arg(z) =.

34. If z # 0 is a real number, then z + z~ 1 is real. Other

1 is real are

complex numbers z = x+iy for which z + z~
defined by |z| = ------------- .

35. The position vector of length 10 passing through (1,
—1) is the same as the complex number z =---------------- .

36. The vector z = (2 + 2i)(v3 + i) lies in the
quadrant.

37. The boundary of the set S of complex numbers z
satisfying both Im(y) > Oand |z — 3i | > 1is.

38. In words, the region in the complex plane for which
Re(z) < Im(z) is .

39. The region in the complex plane consisting of the two

disks |z +i] <1 and |z — i| <1 is (connected/not connected).
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40. Suppose that z0 is not a real number. The circles |z —
20| = |Z0 — 20| and |z- z0| = |z0 — z0| intersect on
the (real axis/imaginary axis).

41. In complex notation, an equation of the circle with
center —1 that passes through 2 — i is .

42. A positive integer n for which (1 + i)™ = 4096 isn
43. From (cos@ +isinf)"4 = cos460 +isin40 we

get the real trigonometric identities cos 46 = and sin 46 = .
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RIEVIEW EXERCISE 2

In Problems 1-12, answer true or false. If the statement is
false, justify your answer by either explaining why it is false
or giving a counterexample; if the statement is true, justify
your answer by either proving the statement or citing an
appropriate result in this chapter.

1. If a complex function f is differentiable at point z, then f is
analytic at z.

ix

2. The function is f(z) = Y+ " differentiable for

x2+y2 x2 + y2

allz = 0.

3. The function f(z) = z? + Zis no where analytic.

4. The function f(z) = cosy — isiny is nowhere
differentiable.

5. There does not exist an analytic function f(z) =
u (x,y) + iv (x,y) for whichu (x,y) = y3 + 5x.

6. The function u(x,y) = e** cos 2y is the real part ofan
analytic function.

7.1ff(z) = e¥cosy + ie*siny, then f(z) = f(2).

8. If u(x, y) and v(x, y) are harmonic functions in a domain

. Ju OJv . 0u | 0vy . .
D, then the function f(z) = % 5% +i+ a) is analytic

in D.
9. If g is an entire function, then f(z) = iz? + zg(z) is

necessarily an entire function.
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10. The Cauchy-Riemann equations are necessary conditions
for differentiability.

11. The Cauchy-Riemann equations can be satisfied at a point
z, but the function f{z) = u(x, y) + iv(x, y) can be non-
differentiable at z.

12. If the function f{z) = u(x, y)+iv(x, y) is analytic at a point z,
then necessarily the function g(z) = v(x, y) — iu(x, y) is
analytic at z.

In Problems 13-22, try to fill in the blanks without referring
back to the text.

13.1f f(2) == + 5iz — 4, then f{z) =-—---rmnmev ,
14. The function f(z) = Ziz + 5iz - 4 is not analytic at ------ .
15. The function f(2) = (2 — x)3 + i(y — 1)3 is

differentiable at z =-------------- )

16. For f(z) = 2x3 + 3iy?, f(x + ix*)=.

17. The function f(Z) = m -

-1 . o : -
m is analytic in a domain D not containing the

point z = 1+i. In D, f(z) =------------ .

18. Find an analytic function f(z) = loge(x? + y*) + i —
—————— in a domain D not containing the origin.

19. The function f{z) is analytic in a domain D and f{z) = ¢ +

iv(x, ¥), where c is a real constant. Then f'is a------------ in D.
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(25 — 4iz* — 473 4+ 2 —4-L'z+4-) _

20. limz — 2i - -
5z% —20iz3 — 2122 — 4iz + 4

21. u(x, y) = cl where u(x,y) = e ™* (xsiny — ycosy)
and w(x, y) = ¢2 where v(x, y) =----—----- are orthogonal
families.

22. The statement “There exists a function f that is analytic for

Re(z) > 1 and is not analytic anywhere else” is false because--
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Review Exercise 3
In Problems 1-20, answer true or false.If the statement is

false, justify your answer by either explaining why it is false
or giving a counterexample; if the statement is true, justify
your answer by either proving the statement or citing an
appropriate result in this chapter.

1.If |e?| = 1, then z is a pure imaginary number.

2. Re (e%) = cosy.

3. The mapping w = e? takes vertical lines in the z-plane
onto horizontal lines in the w-plane.

4. There are infinitely many solutions z to the equation e? =

w.
5.0ni =2 7.
2
6. Im (Inz) = arg(2).
7. For all nonzero complex z, " = z,
8. If wl and w2 are two values of In z, then Re (wl) =
Re(w2).
9. Lni = —Ln z for all nonzero z.

10. For all nonzero complex numbers, Ln (z1z2) = Lnz1 +
Ln z2.

11. Ln z is an entire function.

12. The principal value of i* + 1is e "z*".

13. The complex power z% is always multiple-valued.
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14. cos z is a periodic function with a period of 2.

15. There are complex z such that |sin z| > 1.

16. tan z has singularities at z = (2n + 1) /2, for n =
0, +1,%2,...

17. coshz = cos(iz).

18.z=1/2 7i is a zero of cosh z.

19. The function sin Z is nowhere analytic.

20. Every branch of tan™?! z is entire.

In Problems 21-40, try to fill in the blanks without referring
back to the text.

21. The real and imaginary parts of e# are u(x, y) =----- and
v, ) =
22. The domain of Ln z is ---- , and its range is ----.

23.In(\3 + i)=————— .
24. The complex exponential function e? is periodic with a
period of --------- .
25.1fe”” = 2,thenz = —— — —.
26. Ln(e! ™) = — — — — |

27. Ln z is discontinuous on ----- .
28. The line segment x = a, —7 < y < 7, is mapped onto by
the mappingw = e”Z.
29.iIn(1+i)=———-—.

30. If In z is pure imaginary, then |z] = — — — —.
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31. z1 = 1 and z2 =---- are two real numbers for which the
principal value z! = 1.

32. The principal value of i’ is ----- .

33. On the domain |z| > 0,—1m < arg(z) < m, the
derivative of the principal value of z% is .

34. The complex sine function is defined by sin z = ----.

35. cos (4i) = ----.

36. The semi-infinite vertical strip —/2 < x < w/2,y =

0, is mapped onto ------ by w=sinz.
37. The real and imaginary parts of sin z are ---- and ----,
respectively.

38. The complex sine and hyperbolic sine functions are
related by the formulas sin(iz) =----- and sinh(iz) =----- .

39. tanh™! z is not defined for z =------ .

40. In order to compute a specific value of sin™! z you need

to choose a branch of ----- and a branch of ----- .
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